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Summary (English)
This thesis is concerned with the Riemannian geometry of developable
surfaces in Euclidean space, their generalization and application.
One of our main interests is to model surfaces by means of intrinsically
flat ribbons. Naturally, we consider tangent (first-order) approximations,
where each ribbon has the same distribution of tangent planes, i.e., the
same normal field, as the surface along a given curve. Each ribbon is
thus isometric to a planar ribbon constructed along the so-called Cartan
development of the original surface curve. We show that the planar and
the approximating (bent) ribbons are dual, rolling-related, constructions.
In particular, the geodesic torsion and the normal curvature of the surface
curve completely determine the rotational part of the rolling as well as
the ruling angle function of the ribbons. On this ground, we present
a rolling-based method for approximating surfaces via collections of flat
ribbons, which we call ribbonizations. They are in some sense akin to the
triangulations typically used in finite element methods and in computer-
aided geometric design.
In higher dimensions, we study the local problem of approximating a
hypersurface by means of a flat hyper-ribbon along a prescribed curve.
We show that the well-known two-dimensional condition for the existence
and uniqueness of the approximating ribbon naturally extends to this
more general setting.
ii
In higher codimension, we limit our analysis to the family of flat and
ruled (or developable) submanifolds. More precisely, we solve the follow-
ing problem: Given a smooth distribution D of m-dimensional planes
along a smooth regular curve γ in Rm+n, find all m-dimensional devel-
opable submanifold of Rm+n that pass through γ and whose tangent
bundle along γ is precisely D . In particular, we give sufficient conditions
for the local well-posedness of the problem, together with a parametric
description of the solution.
Summary (Danish)
Nærværende rapport handler om geometrien af udfoldelige flader i Eu-
klidiske rum samt om generaliseringer og anvendelser af s˚adanne flader.
Et hovedtema er modellering og approksimation af flader ved hjælp af
flade b˚and med Gauss krumning 0 – de benævnes her Cartan ribbons.
I udgangspunktet betragter vi tangentielle approksimationer, hvor hvert
b˚and løbende langs en given kurve har sammenfald mellem b˚andets tan-
gentplan og fladens tangentplan, s˚aledes at de to normal-vektorfelter er
sammenfaldende langs kurven. Ethvert Cartan ribbon er isometrisk med
et plant b˚and, som konstrueres langs en kurve, den s˚akaldte Cartan-
development, i planen ud fra den givne kurve p˚a fladen. Vi viser, hvordan
de isometriske plane og approksimerende (bøjede) b˚and kan frembringes
og identificeres via en entydigt bestemt rulning af den givne flade p˚a pla-
nen med den givne kurve som kontakt-kurve. Rotationsdelen af rulningen
er bestemt af den geodætiske torsion og normal-krumningen af den givne
kurve. Metoden benyttes til konstruktion af globale approksimationer af
flader via samlinger af Cartan ribbons. S˚adanne ’ribboniseringer’ er be-
slægtede med de trianguleringer, der typisk anvendes i elementmetoder
og i geometrisk (CAD) design. I højere dimensioner studerer vi dernæst
det tilsvarende lokale problem, dvs. approksimation af en hyperflade ved
hjælp af et fladt (krumningstensor 0) hyperb˚and langs en foreskrevet kur-
ve p˚a hyperfladen. Vi viser, at det ’to-dimensionale’ resultat om eksistens
og entydighed af de approksimerende hyperb˚and i 3D naturligt kan gene-
raliseres til enhver højere dimension. I højere co-dimension (f.eks. 2D fla-
iv
der i 4D) betragter vi endelig det tilsvarende generelle problem: Givet en
distribution D af m-dimensionale underrum af tangentrummet langs en
glat regulær kurve γ i Rm+n; Find alle m-dimensionale frembragte (ruled)
delmangfoldigheder langs γ i Rm+n, som har tangentrums-distributionen
D. Specielt finder vi tilstrækkelige betingelser for dette problems lokale
løsning og en tilsvarende parametrisk beskrivelse af løsningen under disse
betingelser.
Preface
This thesis is submitted in partial fulfillment of the requirements for ob-
taining the Ph.D. degree. The work has been carried out at the Depart-
ment of Applied Mathematics and Computer Science (DTU Compute)
at the Technical University of Denmark under the supervision of Steen
Markvorsen and Jakob Bohr.
The main subject of the work is submanifold geometry. A prerequisite for
reading this thesis is some familiarity with local Riemannian geometry,
roughly equivalent to what Lee covers in [18].
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Structure of the thesis
The thesis is made up of two parts. Part I consists of four chapters and
is aimed at introducing and discussing the results contained in Part II,
where Papers A–E are included.
Part I is organized as follows. In Chapter 1 we give a general intro-
duction to the topics discussed in the thesis. Chapter 2 deals with some
mathematical prerequisites. In Chapter 3 we give a summary of the main
results of the papers. Finally, in Chapter 4 we discuss some open ques-
tions related to the results obtained here that will be the subject of future
research. Part I ends with the bibliography of the first four chapters.
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Part I
Outline of the research

Chapter 1
Introduction
A developable surface is one of the classical geometrical objects that many
scientist have studied with great interest in the past. Their history can be
traced as far as back as Aristotle, although it is only with the discovery of
differential calculus that they started to be studied in greater depth [17].
Arguably, it is because of the rich collection of properties they possess
that they became so attractive. Indeed, a developable surface [24, p. 388]
1. is locally isometric to the plane, i.e., can be locally flattened, or
“developed” onto the plane without any stretching or compressing;
2. has zero Gauss curvature;
3. is an envelope of a one-parameter family of planes;
4. is a so-called torse, that is, a ruled surface with tangent plane stable
along the rectilinear rulings.
Although one typically chooses the first as defining property, it is remark-
able that any of 1–4 qualifies as characteristic.
4 Introduction
For centuries cylinders and cones were believed to be the only surfaces
of this family. It was only in the eighteenth century, in particular with
the work of Euler and Monge, that the classification task was completed
by including tangent surfaces. Hence, locally there are only three types
of non-planar developable surfaces—see for example [8, Section 3-5]:
(i) Generalized cylinders, where all the generating lines, or rulings, are
parallel;
(ii) Generalized cones, where the rulings pass through a fix point;
(iii) Tangent surfaces, where the rulings are spanned by the tangent
vector of some curve, the so-called edge of regression of the devel-
opable.
Not only have developable surfaces a rich and fascinating history. They
also have a number of important modern applications in diverse fields
such as cartography, architecture, manufacturing, to mention but a few—
see references in Paper B.
In differential geometry, developable surfaces are the prototypical exam-
ples of flat Riemannian (sub)manifolds. As such, they continue to inspire
geometers and to be of great help in understanding more general families
of manifolds.
1.1 D-forms
D-forms provide an interesting recent application of developable surfaces
to art and mathematics. They were invented by the artist Tony Wills
[25] and introduced in the literature in [20].
To construct a D-form, take two sheets of paper bounded by closed convex
curves c1 and c2 of equal length. Choose two points p1 ∈ c1 and p2 ∈ c2.
Finally, bend the two sheets in space so that both the curves and the
selected points come to coincidence.
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Mathematically speaking, we may define a D-form as a convex piecewise-
C2 flat surface S with precisely two flat components (maximal connected
flat open sets), each isometric to a convex plane region with smooth (C∞)
boundary. Points of S belonging to both (closures of the) flat components
form the so-called seam curve.
Rather surprisingly, it turns out that the existence of creases—i.e., C2
edges where the surface itself fails to be C1—is only possible along the
seam curve. In addition, every D-form is the convex hull of its seam, see
[7].
6 Introduction
Chapter 2
Background
2.1 Frames along curves
In this section we define frames along curves in a manifold, and then con-
sider particular examples of these. Since we are only interested in smooth
objects (manifolds, maps, etc.), we typically omit the word “smooth”.
Let M = Mm be an m-dimensional manifold, and let γ be a regular
curve in M , that is, an immersion I → M , where I is an interval. In
particular, regularity means that γ˙(t) 6= 0 for all t ∈ I.
Remember that a vector field along γ is a map W from I to the tangent
bundle TM of M such that W (t) ∈ Tγ(t)M for every t ∈ I. We define
a frame along γ to be an m-tuple (E1, . . . , Em) of vector fields along γ
such that the vectors (Ei(t))
m
i=1 form a basis of Tγ(t)M for every t ∈ I.
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We further say that a frame along γ is γ-adapted whenever E1 coincides
with the tangent vector γ˙.
Let now g = 〈·,·〉 be a Riemannian metric on M . The presence of
the metric allows us to talk about lengths and angles in each tangent
space. Hence, we say that a frame (E1, . . . , Em) along γ is orthonormal
if g(Ei, El) = δil for all i, l ∈ {1, . . . ,m}.
Assume (Ei)
m
i=1 be a γ-adapted orthonormal frame along the (unit-speed)
curve γ. Denoting by Dt the covariant derivative along γ induced by the
Levi-Civita connection of (M, g), we may express the covariant derivative
DtEi of Ei with respect to the frame itself, as follows:
DtEi = 〈DtEi, E1〉E1 + · · ·+ 〈DtEi, Em〉Em .
Note, in particular, that 〈DtEi, Ei〉 = 0 and 〈DtEi, El〉 = −〈Ei, DtEl〉.
2.1.1 Classical examples
2.1.1.1 The Frenet–Serret frame
Let γ be a unit-speed curve in R3. Under the additional non-trivial
assumption that γ¨(t) 6= 0, we define the curvature κn(t) of γ at t to be
the Euclidean length of γ¨(t):
κ(t) =
√
γ¨(t) · γ¨(t). (2.1)
Since γ˙ · γ˙ = 1, it follows that γ¨ · γ˙ = 0, and so the unit vector γ¨(t)/κ(t)
is in the normal space of γ at t (the orthogonal complement in R3 of
γ˙(t)). Letting v1 = γ˙(t) and v2 = γ¨(t)/κ(t), we define v3 to be the cross
product v1 × v2, and we call the quantity v˙2 · v3 = τ(t) the torsion of γ
at t.
Clearly, the vectors v1, v2, v3 are pairwise orthogonal and have unit length.
In short, they are orthonormal. If the condition κ(t) 6= 0 holds for all
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t ∈ I, then we may extend this construction to the entire interval. The
resulting triple of vector fields (V1, V2, V3) along γ is called the Frenet–
Serret frame of γ.
It is easy to see that the following relations hold:
V˙1 = κV2 , (2.2)
V˙2 = −κV1 + τV3 , (2.3)
V˙3 = −τV2 . (2.4)
The functions κ and τ have important geometrical significance. In par-
ticular, they uniquely define a given curve in R3 up to a rigid motion of
the ambient space.
2.1.1.2 The Darboux frame
Now suppose the unit-speed curve γ : I → R3 lies on a surface S2 ⊂ R3,
that is, γ(t) ∈ S for all t ∈ I. If the surface in question is orientable,
then we may choose a unit normal vector field N along S. Identifying N
with N ◦ γ, we set W1 = γ˙, W2 = N × γ˙, and W3 = N .
The orthonormal frame (Wi)
3
i=1 is a natural choice of frame along γ, for
it is both γ-adapted and S-adapted—i.e., not only W1(t) = γ˙(t), but the
vectors W1(t) and W2(t) span the tangent plane of S at γ(t). The frame
(Wi)
3
i=1 is classically known as the Darboux frame of γ on S.
This construction easily extends to the case where the surface S is not
orientable. Indeed, instead of basing the definition on a normal vector
field along S, we could have used any (smooth) section of the normal
bundle of S along γ.
In any case, the acceleration vector γ¨(t) is orthogonal to the unit vector
γ˙(t) for every t. It follows that there exist smooth functions κn, κg, called
the normal curvature and the geodesic curvature of γ, respectively, such
that:
γ¨ = κnN + κg(N × γ˙) .
10 Background
Similarly, letting τg = W˙2 · N—the so-called geodesic torsion of γ—we
have the following relations expressing each derivative in terms of the
frame itself:
W˙1 = κgW2 + κnW3 , (2.5)
W˙2 = −κgW1 + τgW3 , (2.6)
W˙3 = −κnW1 − τgW2 . (2.7)
2.1.2 The Frenet frame
The most well-known example of an orthonormal frame along a curve is
surely the classical Frenet–Serret frame of a curve in three-dimensional
Euclidean space. Following [23], we shall present how such construction
generalizes when the ambient space is an arbitrary Riemannian manifold.
To this end, it is necessary to limit our attention to a specific subclass
of curves in Mm, those having the property of being Cm-regular (Cm−1-
regular if Mm is oriented).
For any integer l ∈ {1, . . . ,m}, we say that γ is C l-regular if the first
l− 1 covariant derivatives of γ˙ are linearly independent. In other words,
we require the vectors
γ˙(t), Dtγ˙(t), . . . , D
(l−1)
t γ˙(t)
be linearly independent for every t.
Now, if γ is a C l-regular curve in M , we may define l−1 smooth functions
κ1, . . . , κl−1 and l smooth vector fields V1, . . . , Vl along γ as follows. Let
V1 = γ˙ and V2 = DtV1/κ1, where κ1 = |DtV1|. Then, for 2 ≤ s ≤ l − 1,
let
κs = |DtVs + κs−1Vs−1| ,
Vs+1 = (DtVs + κs−1Vs−1)/κs .
It is not difficult to see that the vector fields V1, . . . , Vl are well defined. If
γ is Cm-regular, then the m-tuple (V1, . . . , Vm) is a γ-adapted orthonor-
mal frame along γ.
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Provided γ is a Cm-regular curve in M , we call the m-tuple (V1, . . . , Vm)
the Frenet frame of γ. The (strictly positive) function κj (1 ≤ j ≤ m−1)
and the vector field Vl (1 ≤ l ≤ m) are called the j-th geodesic curvature
and the l-th Frenet vector of γ, respectively. The Frenet vectors satisfy
the following equations:
DtV1 = κ1V2 ,
DtV2 = κ2V3 − κ1V1 ,
...
DtVj = κjVj+1 − κj−1Vj−1 ,
...
DtVm−1 = κm−1Vm − κm−2Vm−2 ,
DtVm = −κm−1Vm−1 .
(2.8)
If M carries an orientation, the extra structure allows for the introduction
of a somewhat improved version of the Frenet frame. Keeping the same
definitions as before for the first m− 1 Frenet vectors and the first m− 2
geodesic curvatures, we let
Vm = V1 × · · · × Vm−1 , (2.9)
κm−1 = −〈Vm−1, DtVm〉 , (2.10)
where “× · · ·×” denotes the positively oriented (m− 1)-fold vector cross
product on M , see Paper D.
Clearly, since we no longer need to divide by κm−1, this new construction
has the advantage of being well defined on a larger class of curves in
M , requiring one less degree of regularity. For instance, in dimension
two it is defined for any curve in M (including geodesics!). Without
further comment, we adopt the new definitions of Vm and κm−1 whenever
possible.
Example 2.1 (The Frenet–Serret frame). Let M = R3, with the usual
Euclidean metric g and standard orientation, and assume γ is a C2-
regular curve, i.e., that Dtγ˙(t) 6= 0 for every t. In this situation, the newly
defined frame is nothing other than the classical Frenet–Serret frame of
γ. The first geodesic curvature κ1 = |Dtγ˙(t)| > 0 is the curvature κ of
γ, whereas the real valued function κ2 = g(v3, Dtv2) its torsion τ .
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Example 2.2 (Curves on a surface). Let M be a two-dimensional em-
bedded submanifold of (R3, g), with the induced metric. Assuming M is
orientable, we give M the orientation induced by a unit normal vector
field N along M and by the standard orientation on R3. For any curve
γ in M , the Frenet frame of γ is (γ˙, H × γ˙), where H = N ◦ γ and “×”
denotes the ordinary cross product on R3. There is only one geodesic
curvature,
κ1 = g(Dtγ˙, H × γ˙) .
Since the Riemannian connection of M coincides with the tangential
connection, Dtγ˙(t) is simply the orthogonal projection on the tangent
space Tγ(t)M of the g-acceleration Dtγ˙(t) of γ. In short, κ1 is just the
“usual” geodesic curvature κg.
Remark 2.3. In the literature, the quantity |Dtγ˙| is usually referred to
as the geodesic curvature of γ. As a matter of fact, |Dtγ˙| is important
in that it gives a measure of how much γ deviates from being a geodesic
(for which |Dtγ˙| = 0).
2.1.3 Curves on hypersurfaces
In this subsection we consider the case when Mm is an embedded hyper-
surface of a Riemannian manifold (M˜m+1, g˜).
In this setting, under the canonical identification of the tangent space
TpM with its image under the differential of the inclusion ι : M ↪→ M˜ ,
the ambient tangent space TpM˜ decomposes as the orthogonal direct sum
TpM ⊕ NpM , and any vector field along γ : I → M may be naturally
thought of as a tangent vector field along γ˜ = ι ◦ γ.
We now equip M with the induced metric ι∗g˜, and we assume that the
ambient manifold carries an orientation. If γ is a curve in M with a well
defined Frenet frame (V1, . . . , Vm), we construct an orthonormal frame
(W1, . . . ,Wm+1) along γ˜ as follows. For any l ∈ {1, . . . ,m}, we require
Wl = Vl. Then we let
Wm+1 = V1 × · · · × Vm .
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We call (W1, . . . ,Wm+1) the Darboux frame of γ˜. It is the unique exten-
sion of the Frenet frame of γ to a positively oriented, orthonormal frame
along γ˜.
Because Wm+1 spans the normal bundle of M along γ, the ambient co-
variant derivative D˜tVl of the l-th Frenet vector has decomposition
D˜tVl = DtVl + τlWm+1 ,
for some smooth function τl : I → R. Note that, if M is orientable,
then τl = h(V1, Vl), where h is the scalar second fundamental form of
M determined by the unit normal vector field extension of Wm+1. It is
straightforward to verify that
D˜tWm+1 = −τ1V1 − · · · − τmVm .
Example 2.4 (The classical Darboux frame). In the case of example 2.2,
the function h(V1, V1), which is the normal component of the acceleration
of γ˜, is nothing but the normal curvature κn of γ, whereas h(V1, V2) equals
the geodesic torsion τg of γ˜.
2.2 Flat approximations of surfaces along curves
Given a curve γ : I → S in some smooth surface S ⊂ R3, we consider
the problem of constructing a developable surface which passes through
γ and has the same tangent plane as S at all points of the curve. We call
any such surface a flat approximation of S along γ.
Using the fact that flat surfaces without planar points are the same as
ruled surfaces with constant normal along the rulings, we start by defining
a parametrization σ : I × U → R3 as follows:
σ(t, u) = γ(t) + uX(t). (2.11)
Here U is an interval containing 0, and X : I → R3 a non-vanishing vector
field along γ. In particular, for regularity purposes, we shall assume U
be sufficiently small and X(t) never parallel to the tangent vector γ˙(t).
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Computing the partial derivatives of σ, we obtain:
∂σ
∂t
(t, u) = γ˙(t) + uX˙(t),
∂σ
∂u
(t, u) = X(t),
Their cross product defines a normal vector field Z : I × U → R3 along
σ:
Z(t, u) = γ˙(t)×X(t) + uX˙(t)×X(t).
Clearly, the normal space of σ—considered as a subspace of R3—is con-
stant along the ruling L(t) ⊂ spanX(t) if and only if the vector field Z
is parallel along L(t). Hence, σ is a torse precisely when
pi>
∂Z
∂u
= 0, (2.12)
where pi> denotes the orthogonal projection onto the tangent space of σ.
Moreover, from
∂Z
∂u
(t, u) = X˙(t)×X(t), (2.13)
we observe that ∂Z∂u · ∂σ∂u = 0. It follows that (2.12) is equivalent to
∂Z
∂u
· ∂σ
∂t
= (X × γ˙) · X˙ = 0.
Thus, we may conclude that:
Theorem 2.5. The map σ parametrizes a torse surface if and only if
N˙ ·X = 0, (2.14)
where N : I → R3 is a non-vanishing vector field—always normal to σ—
along γ.
Proof. It is sufficient to note that X(t)×γ˙(t) = Z(t, 0) and Z(t, 0)·X˙(t) =
−∂Z∂t (t, 0) ·X(t).
2.2 Flat approximations of surfaces along curves 15
In view of this result, we formulate the flat approximation problem as
follows:
Problem 2.6. Let γ be a curve in a smooth surface S2 ⊂ R3. Let N be
a unit normal vector field along γ. Find a vector field X along γ such
that, for all t ∈ I,
X(t) /∈ span γ˙(t),
X(t) ∈ N(t)⊥ ∩ N˙(t)⊥ = Tγ(t)S ∩ N˙(t)⊥,
(2.15)
where the superscript ⊥ denotes orthogonal complement in R3.
The solution is presented in the following theorem—see [8, p 195–197]
and [15].
Theorem 2.7. Assume γ is never parallel to an asymptotic direction of
S, i.e., the normal curvature κn = γ¨ ·N of γ never vanishes. Then there
exists a vector field satisfying (2.15). Moreover:
1. Such vector field is locally unique: if X1 and X2 are both solutions
of (2.15), then spanX2 = spanX1;
2. The locally unique solution X is given by
X = κnV2 − τgV1 , (2.16)
where (V1, V2) is the Frenet frame of γ : I → S.
Proof. Suppose γ˙(t) · N˙(t) = −κn(t) 6= 0. Then γ˙(t) /∈ N˙(t)⊥ and the
intersection Tγ(t)S ∩ N˙(t)⊥ has dimension one, as desired. Since N˙(t)×
N(t) ∈ Tγ(t)S ∩ N˙(t)⊥, we compute
N˙(t)×N(t) = − (κn(t)V1(t) + τg(t)V2(t))×N(t)
= κn(t)N(t)× V1(t)− τg(t)V2 ×N(t)
= κn(t)V2(t)− τg(t)V1(t) .
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2.3 Some generalizations of developable surfaces
In this section we give a general description of certain classes of Euclidean
submanifolds which extends the notion of a developable surface. We refer
the reader to Rovenskii’s survey [22], and references therein, for further
generalizations to non-Euclidean ambient spaces.
2.3.1 Developable hypersurfaces
Developable hypersurfaces in Rm+1 enjoy essentially the same set of
(characteristic) properties of the flat surfaces in R3. More precisely [24,
p. 389], they
1. are locally isometric to (Rm, g), where g is the standard Euclidean
metric;
2. have vanishing sectional curvatures;
3. are envelopes of one-parameter families of hyperplanes;
4. are higher-dimensional torses, i.e., they are foliated by (open sub-
sets of) (m− 1)-dimensional affine subspaces of Rm+1, along which
the tangent space remains constant.
Some important results concerning developable hypersurfaces are con-
tained in [14, 3]. In particular, a developable hypersurface free of planar
points can be locally represented in terms of its Gauss map (a curve on
the sphere) and its support function, see [4, 10].
In fact, if one regards two hypersurfaces being distinct even when related
by a rigid motion of the ambient Euclidean space, the Gauss parame-
trization—which maps a flat hypersurface to the pair determined by its
Gauss image and its support function—gives a bijection onto the product
{curves on the sphere} × {smooth functions on the interval}.
2.3 Some generalizations of developable surfaces 17
2.3.2 Developable submanifolds
Developable submanifolds of Euclidean space form the class of submani-
folds most fully inheriting the rich properties of the classical developable
surfaces in R3. Indeed, a submanifold is developable if
1. it is ruled—i.e., it is free of totally geodesic points and is foliated by
open subsets of (m−1)-dimensional affine subspaces of Rm+n—and
2. with the natural metric induced from the standard Euclidean met-
ric, it is a flat Riemannian manifold.
Note that for a ruled submanifold the flatness of the metric is equivalent
to the constancy of the tangent plane along the rulings, see Paper E.
Moreover, developable submanifolds may be characterized in terms of
their first normal space (span of the image of the second fundamental
form):
Theorem 2.8 ([24, Theorem 3]). A smooth submanifold of Rm+n is
developable precisely when its induced metric is flat and the dimension of
its first normal space is one everywhere.
It thus follows from Erbacher theorem [9] that full developable submani-
folds (those not contained in any affine plane of dimension smaller than
m + n) have nonparallel first normal bundle, see e.g. [1, Chapter 1]
for more details. Submanifolds in spaces of constant curvature with one-
dimensional first normal bundle are studied in [13]; those with nonparallel
first normal bundle in [5, 6].
We should finally emphasize that, in codimension higher than one, being
flat does not imply being ruled. Indeed, the Clifford torus, the product
of two circles in R4, is the standard example of a submanifold which is
flat but does not possess a ruled structure.
18 Background
2.3.3 Submanifolds of constant nullity
These are the m-dimensional submanifolds Mm ⊂ Rm+n which are fo-
liated by open subset of k-dimensional affine subspaces of Rm+n, along
which the tangent space is constant (up to parallel translation in Rm+n,
of course). Hence, they generalize developable submanifolds in that they
have rulings of arbitrary dimension.
Equivalently, they may be defined as the submanifolds whose index of
relative nullity is a positive constant. Such quantity, which was intro-
duced by Chern and Kuiper in [2], is the dimension of the nullity space
of the second fundamental form.
These submanifolds have been extensively studied during the sixties.
A proof of their widespread popularity comes from the fact they have
been constantly renamed, see [24, p. 390]. Unfortunately, not always
in a completely meaningful way. Indeed, some authors use the term “k-
developable surfaces”, although in fact they are generally non flat, and so
they cannot be “developed” anywhere—at least in the classical (planar)
sense.
Chapter 3
Main results
3.1 Project 1: Cartan ribbonization of surfaces
3.1.1 Motivation
As already suggested by their name, developable surfaces admit local
isometric bending onto the plane. One of the main purposes of Paper A
and B is to illustrate the intimate relation between developable surfaces
and the classical notion of rolling of a manifold on another. At the same
time, we wanted to study the problem of approximating a surface in
space by means of developable ribbons, as an alternative approach to
more classical methods, e.g. that of triangulations.
The starting point of the study was a seminal paper by K. Nomizu [19],
where he presents a series of geometric conditions for the existence of a
rolling (without skidding or twisting) of a given surface S on its tangent
plane along a given curve γ. He shows that, provided the normal cur-
vature and the geodesic torsion of γ are never simultaneously zero, then
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such rolling exists uniquely. Moreover, the image of γ under the motion
is precisely the Cartan development [16, p. 131] of the original curve.
3.1.2 Summary: Paper A
In this work we introduce a rolling-based method for constructing, or
“sculpting” a given surface S in space by means of planar, strip-shaped
surfaces, which we call Cartan ribbons.
A planar Cartan ribbon can be bent (without stretching or compressing)
to approximate a surface S along a curve γ. We employ the rolling of
S on its tangent plane Tγ(0)S as a tool for understanding the isometry
between the planar and the bent ribbons.
In particular, if the normal curvature of γ is non-zero, then a flat approx-
imation of S along γ exists and is parametrized by
σ(t, u) = γ(t) + uX(t) ,
where X is given by (2.16).
The planar isometric image of σ is thus
σ̂(t, u) = γ̂(t) + uX̂(t) ,
where γ̂ is the Cartan development of γ and X̂(t) the parallel transport
of X(t) from γ(t) to γ(0) along γ.
The rolling gives a measure of how much bending one needs to apply—
along the direction defined by the vector field X̂ along γ̂—to obtain the
desired flat approximation of S along γ.
3.1.3 Summary: Paper B
In this article we give a more detailed description of the concepts intro-
duced in Paper A, and present a topological application.
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In particular, we introduce a measure for the local goodness of a single
ribbon approximation. Such measure is just the volume enclosed by the
ribbon and its normal shadow onto the surface.
Moreover, we show that two neighboring ribbons can be always extended
until one intersects the other, provided their center curves are sufficiently
close. This result may be considered as a first step towards a proof of
existence of a global ribbonization of any given surface.
Concerning the global structure of the surface, we present a simple method
for determining the Euler characteristics from any sufficiently fine Car-
tan ribbonization, which amounts to counting the degree of each of its
vertices. This approach represents an alternative to the classical methods
based on Morse theory and Poincare´–Hopf index theorem.
3.2 Project 2: Volume of the convex hull of
closed curves
3.2.1 Motivation
It is quite surprising that some intuitive problems concerning the volume
of the convex hull of a space curve are still without resolution, see for
example [12] and references therein. A notorious one is the following
isoperimetric-type problem:
Problem 3.1 ([12, Problem 5.2]). Let γ be a closed curve of fixed length
L in R3. How big can the volume of the convex hull of γ be?
In general, the convex hull of a closed space curve γ contains both planar
faces as well as developable surfaces. However, if each of the supporting
planes touches γ in exactly two points, then the hull is free of planar
regions [20, p. 400–401].
The result below—which follows easily from generalized versions of the
four-vertex theorem, see e.g. [21, Corollary 1]—characterizes simple D-
forms as convex hulls of their seam curves:
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Proposition 3.2. Assume that γ is convex, i.e., it lies on the boundary
of its convex hull. If γ has precisely four points of zero torsion and no
point of zero curvature, then γ has no tri-tangential supporting planes
and the convex hull of γ is a simple D-form without planar regions.
Proof. From [21, Corollary 1], we have that V + 2K + 2d ≥ 4 +P , where
V is the number of vertices (points of zero torsion), K the number of zero
curvature points, d the number of external segments, and P the number
of support polygons. Note that d is by definition zero if γ is convex.
3.2.2 Summary: Paper C
We obtain a surprisingly simple formula for the volume of the convex hull
of any space curve γ satisfying the following requirements: γ is convex,
has four vertices and non-vanishing curvature. In light of Proposition 3.2,
our formula yields the volume of any simple D-form. The general idea
for the proof involves parametrizing the convex hull and observing that
the chosen map covers all its internal points exactly four times. Changes
in orientation are handled by taking the absolute value of the volume
element. The requirement that the internal points of the hull are covered
an equal number of times by the parameterization is what limits the
validity of the formula to closed space curves with only 4 vertex points.
3.3 Project 3: Cauchy problems for submani-
folds with nullity
3.3.1 Motivation
Given a smooth regular curve on a smooth surface S in R3, we have
discussed in Section 2.2 the problem of constructing a flat approximation
of S along γ. It is clear that the solution, when defined, depends on the
original surface S only through its distribution of tangent planes along
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γ. We may thus consider the flat approximation problem as a particular
example of a more general question.
Given a smooth (m + n)-manifold Qm+n and some class Am of m-
dimensional embedded submanifolds of Qm+n, we can formulate the ge-
ometric Cauchy problem for the class Am as follows:
Problem 3.3. Let γ : I → Qm+n be a smooth regular curve in Qm+n,
and let D denote a smooth distribution of rank m along γ, such that
γ˙(t) ∈ Dt for all t ∈ I. Find all members of Am containing γ and whose
tangent bundle along γ is precisely D .
Remark 3.4. In case Qm+n is a Riemannian manifold, let D⊥t be the
orthogonal complement of D in the tangent space Tγ(t)Q
m+n. Then,
problem 3.3 is of course equivalent to finding all members of Am contain-
ing γ and whose normal bundle along γ coincides with the orthogonal
distribution D⊥ =
⋃
t∈I D
⊥.
We have seen that Problem 3.3—when addressed to the class of flat
surface in R3—is generally well-posed:
Theorem 3.5. Let N be a vector field—always normal to S—along γ.
Assume the function γ′′ ·N is never vanishing, i.e., that the curve is never
parallel to an asymptotic direction of S. Then the geometric Cauchy
problem for developable surfaces in R3 has a solution, and such solution
is locally unique.
It is thus natural to look for extensions of this result to more general
submanifolds.
3.3.2 Summary: Paper D
In this paper—still using the language of approximations—we examine
the case of developable hypersurfaces.
The main result of the paper is that Theorem 3.5 naturally extends to
higher dimensions. In other words, the sole condition for the existence
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of the desired approximation is that γ is never parallel to an asymptotic
direction of M . In particular, using the characterization of flat surfaces
without planar points as torses (ruled surfaces with tangent plane stable
along the rulings), we prove that there is a unique local solution.
The proof is based on the fact that a suitable restriction of the map γ +
span(Xj)
m−1
j=1 is a parametrized torse surface, possibly with planar points,
if and only if the Euclidean covariant derivatives DtX1, . . . , DtXm−1
along γ have vanishing normal component. Here γ is a curve in M ,
while X1, . . . , Xm−1 are linearly independent vector fields along γ, such
that γ˙ /∈ span(Xj)m−1j=1 .
More specifically, this requirement on the covariant derivatives deter-
mines a system of m − 1 equations involving (Xj)m−1j=1 . The presented
solution method requires to choose a smooth orthonormal frame for the
normal bundle N γ ⊂ TM of γ. In order to get rid of the ambiguity
between tuples of vector fields and distributions, we use the generalized
vector cross product.
3.3.3 Summary: Paper E
The main objective of this paper is to further generalize Theorem 3.5 to
the class of developable submanifolds of Rm+n, while at the same time
simplifying the proof of the main theorem in Paper D.
We show that, with the increase in codimension, an additional non-trivial
condition for the existence of the solution appears. Such condition guar-
antees that the first normal space of the solution has dimension one at
every point.
We prove this result in two different ways. First, by a constructive ap-
proach based on Grassmannians, which turns out to be much more direct
than the argument used in Paper D. Then we also include a coordinate-
free method, which is arguably more elegant, but requires extra efforts
for constructing the solution.
This paper may be considered an improvement of Paper D also because
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it formulates the question as an actual geometric Cauchy problem, thus
simplifying the discussion quite a lot.
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Chapter 4
Conclusions and future work
4.1 Cartan ribbonization of surfaces
The work presented in Paper A and B is local in nature, although Paper
B deals with some global questions as well. However, the problem of
existence of a global Cartan ribbonization of any given surface remains
open.
Another intriguing question is concerned with the choice of center curves.
What is the minimal set of center curves necessary to capture the topol-
ogy of the underlying surface? If one is merely interested in finding the
minimum number of center curves, we believe that the answer is one.
However, a more meaningful interpretation of minimality should probably
take into account the overall length of the center curves. In this case, we
expect the answer to be depending on the topology itself.
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4.2 Volume of the convex hull of closed curves
The formula presented in Paper C for the volume of the convex hull
of a space curve works under rather strong assumptions. Indeed, its
applicability is confined to convex curves with precisely four points of
zero torsion and no point of zero curvature.
The natural continuation of the work would be to extend the validity of
the formula to larger classes of curves in R3. For example, space curves
with more than four vertices. It would also be interesting to look for a
higher-dimensional analogue of our result.
4.3 Cauchy problems for submanifolds with nul-
lity
Having solved the Cauchy problem for flat ruled submanifolds in any
codimension, it would be interesting to consider the Cauchy problem for
flat submanifolds. Indeed, it is likely that the ruled solution described
in Paper E is not the unique flat solution, i.e., one should expect many
more (non-ruled) flat solutions.
In this regard, whilst the uniqueness—i.e., the isometric rigidity—of the
ruled solution seems out of question, its isometric flexibility is far less
obvious, at least for relatively low codimensions. In other words, one
would like to understand the moduli space (the space of deformations) of
the flat metric defined on the class of submanifolds with tangent spaces
in the distribution D along γ.
The next step could be to study the case where n < m. As pointed
out by Ruy Tojeiro (private communication), it is classically known that
every flat m-submanifold of codimension n < m has a constant index of
relative nullity (dimension of the kernel of the second fundamental form)
at least equal to m−n. This observation suggests to address the following
question: among all submanifolds of constant rank, which are the flat
ones? For instance, in codimension 2, submanifolds of rank 2 divide into
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three classes, hyperbolic, parabolic or elliptic, according to the number
0, 1 or 2 of independent normal directions whose shape operators have
rank one. Flat submanifolds of rank 2 are the hyperbolic submanifolds
for which such normal directions are everywhere orthogonal, see [11].
Alternatively, a more direct approach could be to consider a normal vari-
ation of the ruled solution preserving the tangent bundle along γ, and
study the system of partial differential equations one obtains from the
zero curvature requirement.
The conjecture on the existence of non-ruled flat solutions, even for
n < m, is motivated by the fact that the geometric Cauchy problem for
submanifolds of constant nullity r is in general not well-posed. More
specifically, in order to ensure uniqueness of the solution, one needs
to prescribe the tangent bundle along an r-dimensional submanifold of
Rm+n.
4.3.1 Paper E
At the time of submitting this thesis, Paper E is still work in preparation.
I would like to complete it by giving a local description of the family of
full developable submanifolds of Rm+n. This will answer David Bran-
der’s interesting question on whether full developable submanifolds are
plentiful or rare.
Although I am still lacking a satisfactory statement of the answer, I
believe that they come in great abundance. Indeed, it is not difficult to
see that any oriented full developable submanifold Mm can be described
(in a neighborhood of a point) by m+n−1 smooth functions, n of which
are non-vanishing.
To prove this claim, take a unit-speed curve γ : I = [0, α] → M or-
thogonal to all the rulings. Since we are of course interested in describ-
ing M up to rigid motions of the ambient space, there is no loss of
generality in assuming that γ˙(0) = e1, Tγ(0)M = span(e1, . . . , em) and
Nγ(0)M = span(em+1, . . . , em+n), where eq denotes the q-th standard
basis vector of Rm+n. Then define an oriented orthonormal frame for
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TRm+n|γ as follows:
1. Smoothly extend (ei)
m
i=1 into a γ-adapted orthonormal frame (Ei)
m
i=1
for the tangent bundle of M along γ, such that E2, . . . , Em are parallel
in the normal connection of γ;
2. Smoothly extend (em+k)
n
k=1 into an orthonormal frame (Nk)
n
k=1 for
the normal bundle of M along γ, parallel in the normal connection of
M .
Now, since γ is orthogonal to the rulings, developability of M implies
that DtNk · E2 = · · · = DtNk · Em = 0 for every k. Moreover, for M
is assumed to be full, DtNk · E1 is non-vanishing for every k.
Summing up, the chosen frame satisfies the linear ODE-problem
DtE1 = −κ1E2 − · · · − κm−1Em − τ1N1 − · · · − τnNn
DtE2 = κ1E1
...
DtEm = κm−1E1
DtNk = τkE1 (k = 1, . . . , n)
(Ei(0), Nk(0))
m,n
i,k=1 = (e1, . . . , em+n)
, (4.1)
where (κj)
m−1
j=1 and (τk)
n
k=1 are tuples of smooth functions I → R. In
particular, τk(t) 6= 0 for every k and t.
Conversely, for any arbitrary choice of (κj)
m−1
j=1 and (τk)
n
k=1, problem
(4.1) has unique global solution, thus defining a full developable sub-
manifold up to a rigid motion of Rm+n.
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Abstract
Using the concepts of Cartan development and rolling from differential geometry we develop a method for sculptur-
ing any surface with the use of Cartan ribbons.
Peeling and Pasting
When peeling an apple or a potato you may steer the peeler along any chosen curve. Examples are shown in
Figure 1 together with the corresponding peelings. Here we initiate a geometric study of this operation and
Figure 1 : Examples of steering curves and corresponding peelings of a potato and an apple
its reverse: we construct the flat ribbons that can be pasted onto a given surface so that they approximate the
surface to first, tangential, order along one or more curves on the surface. We can imagine that once the flat
ribbons have been mathematically described, they can be cut out of paper, a thin metal plate, or any other
flat, bendable material. The flat ribbons are constructed along the so-called Cartan development of the given
surface curve – that is why we call these ribbons Cartan ribbons.
Figure 2 : The result of a peeling along a given curve on an ellipsoid
This pasting technique, the sculpting, with Cartan ribbons works along any given curve on the given
sculpture surface as long as the curve just avoids the asymptotic directions of the surface. A good starting
point for a precise discussion of the method and of this condition is the seminal paper by K. Nomizu [8].
Nomizu gives a kinematic interpretation of the Cartan development via the rolling of the given surface on
a plane – see also the recent work by M. G. Molina, [7]. We can imagine that the designated curve on the
surface is covered with wet paint. We then roll the surface on a plane without skidding and twisting, and in
such a way that the points of contact between the surface and the plane are precisely along the given curve.
Then the wet curve on the surface will trace out and paint a new curve on the plane. This new planar curve
is precisely the Cartan development of the original surface curve. One intuitive way of understanding the
procedure is then to divide it into three steps: (1) the given curve on the surface is rolled into the plane
as described above; (2) the resulting Cartan development curve is extended to a strip, a Cartan ribbon, in
the plane; and finally (3) the ribbon is rolled back along the development curve onto the surface. Using an
ellipsoid to replace the potato, the three steps are illustrated in Figures 3, 4, and 5. The resulting flat peeling
along the given curve is shown on the right in Figure 2, where the transversal rulings (like railroad sleepers)
along the center curve are also shown. They represent the lines around which the Cartan ribbon must be bent
in order to fit onto the surface along the given designated curve. The precise angle function θ of the rulings
w.r.t. the curve tangent is discussed in the mathematics section below, see also [9] for a thorough discussion
and generalizations.
Figure 3 : Step 1: Generating the Cartan development curve via rolling of the surface
Figure 4 : Step 2: Ribbonizing the Cartan development curve via the ruling angle function θ
Figure 5 : Step 3: Pasting the Cartan ribbon onto the surface via back-rolling
This procedure clearly paves the way for a novel technique of approximating any surface or sculpture
with one or more intrinsically flat Cartan ribbons. See [10, 6] for modern industrial applications of similar
techniques. We can extend the ribbon until it intersects the extension of another ribbon (or itself); such
surface approximations are illustrated in Figures 6 and 7.
From an artistic point of view the created surfaces have a surprising appearance. They contain wedges
(ridges) as well as singly curved piecewise smooth and regular surfaces. They can be fabricated artistically in
coarse grained versions creating unique surfaces with many obvious applications, e.g., lamp shades, chairs,
roofs, facades, and the design of clothing and artworks, see [4, 5]. Or they can be fine grained in which case
the underlying (typically doubly curved) surfaces become almost perfectly approximated by the flat Cartan
ribbons as seen in the Figures 6 and 7. An interesting bonus is that the method also can be used to transform
different surfaces into each other by using the same set of Cartan developments only with different angle
functions θ for the rulings. Artistically, it is thus possible to make interesting intermediate versions of two
approximated surfaces.
Figure 6 : Surfaces with systems of approximating Cartan ribbons
The Mathematics
The main geometric question in our setting is how precisely to cut the Cartan ribbons and how to find and
describe the bending, i.e., the angle function θ, of a Cartan ribbon that will actually fold it onto the surface
along the given surface curve. We answer these questions by surveying here the explicit recipes for both the
cutting and for the bending. Details for this particular application as well as generalizations will appear in
[9]. We also refer to [1, 2] for similar geometric results and other applications of ribbon geometry.
For the precise discussion of this recipe we need the notions of normal curvature κn, geodesic curvature
κg, and geodesic torsion τg of the given designated curve on the surface. They are found most easily via
the so-called Darboux frame adapted to the surface along γ. It consists of three orthogonal unit vector fields
{e, h,N} along γ. Here N(t) denotes the unit normal vector to the surface at γ(t) and e(t) = γ ′(t)/v(t)
is the unit tangent vector of γ (where we have denoted the speed of γ by v(t) = ‖γ ′(t)‖), so that finally
h(t) = N(t) × e(t) completes the orthonormal Darboux frame, see [3]. Then v(t)κn(t) = e′(t) · N(t),
v(t)κg(t) = e
′(t) · h(t), and v(t) τg(t) = h′(t) ·N(t). We can now state the result of Nomizu as follows:
Theorem [8, Nomizu, Theorem 2 p. 630] Let γ denote a smooth regular curve on a given surface M .
Suppose that the normal curvature κn(t) is never zero along γ. Then there exists a unique rolling Rolt of M
on the (x, y)-plane (without skidding and without spinning) such that η(t) = Rolt(γ(t)) (with η(0) = (0, 0)
and η ′(0) = (0, ‖γ ′(0)‖)) is the locus of points of contact during the rolling. The curve η is the Cartan
development of the given curve γ.
The condition that the curve just avoids the asymptotic directions of the surface alluded to above is
here encoded into the assumption that the normal curvature κn(t) is never zero along γ. Such a condition is
needed: a non-flat ruled surface, for example a hyperboloid of one sheet, cannot roll in the direction of its
rulings, so the curve γ on the surface should never have a tangent parallel to such a ruling. Correspondingly,
the Cartan ribbon construction also needs special care when κn(t) is 0:
Proposition [9] The unique flat (but bent) Cartan ribbon along γ which has the same normal field N as the
surface M is well defined for κn(t) 6= 0. It is the ruled, developable, surface determined by the ingredients
e(t), h(t), κn(t), and τg(t) as follows: r(t, u) = γ(t) + u ·
(
τg(t)
κn(t)
· e(t) + h(t)
)
, whereu ∈ [−w,w].
In this representation the ribbon has constant width 2w; it can easily be modified to variable widths
w+(t) to the left hand side (the h(t) side) of γ and w−(t) to the right hand side (the −h(t) side) of γ just by
substituting the u interval by u ∈ [−w−(t), w+(t)]. As is evident from the examples in Figures 6 and 7 we
need to apply this type of restriction so that the approximating ribbons line up along their edges.
The tangent vectors γ ′(t) and η ′(t) have the same coordinates with respect to corresponding parallel
frames along the curves on M and in the plane, respectively. The angle function θ of the rulings is therefore
determined by the angle between the vector (τg(t)/κn(t)) · e(t) + h(t) and the tangent vector e(t), i.e.,
cot(θ(t)) = τg(t)/κn(t). The bending angle variation is illustrated on the right in Figure 2. The angle is
well-defined and 0 precisely when κn(t) = 0 which must be avoided, because in such a case the ruling is
directed in the tangent direction of the curve and the given parametrization of the ribbon is thence not regular.
In this parametrization, then, the condition for regularity is the same as Nomizu’s condition for the existence
of a rolling, namely κn(t) 6= 0. Moreover, in order to obtain regularity of the ribbon with a finite width, the
width to the curvature side of the center curve must also be less than 1/κg(t).
It follows in particular from Nomizu’s theorem that the tangent vectors γ ′(t) and η ′(t) have the same
length for all t and that the two curves have the same geodesic curvature function κg on M and in the plane
respectively. This latter property means that if we are given one of the curves, then the other curve can be
explicitly constructed by solving the ordinary differential equation system that produces the curve from its
geodesic curvature function, see [3]. In this way the curve and its development are dual constructions – the
given curve may be considered and re-constructed on the surface in this way as the anti-development of the
Cartan development curve. We note in particular, that in the case of M being a sphere of any radius ρ, then
κn(t) = 1/ρ and τg(t) = 0 along every curve inM , so we get θ(t) = pi/2 for all t. This makes it particularly
simple and easy to construct the ribbons along curves on spheres, see Figure 7.
Figure 7 : A Cartan ribbon (with controlled widths w±) covers the spherical cap along a given spiral
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CARTAN RIBBONIZATION
AND A TOPOLOGICAL INSPECTION
JAKOB BOHR, STEEN MARKVORSEN, AND MATTEO RAFFAELLI
Abstract. We develop the concept of Cartan ribbons together with a rolling-
based method to ribbonize and approxi-mate any given surface in space by in-
trinsically flat ribbons. The rolling requires that the geodesic curvature along
the contact curve on the surface agrees with the geodesic curvature of the
correspon-ding Cartan development curve. Essentially, this follows from the
orientational alignment of the two co-moving Darboux frames during rolling.
Using closed contact center curves we obtain closed approximating Cartan rib-
bons that contribute zero to the total curvature integral of the ribbonization.
This paves the way for a particularly simple topological inspection – it is re-
duced to the question of how the ribbons organise their edges relative to each
other. The Gauss-Bonnet theorem leads to this topological inspection of the
vertices. Finally, we display two examples of ribbonizations of surfaces, namely
of a torus using two ribbons, and of an ellipsoid using closed curvature lines as
center curves for the ribbons.
1. Introduction
The approximation of surfaces by patch-works of planar parts has a long use in
fundamental and applied mathematics. Foremost comes to mind the multifaceted
applications of triangulations [1]. In the present work we develop a scheme for
approximating a surface by the use of multiple developable surfaces. Some of the
beauty of this approach is the relatively few numbers of developable stretches
– ribbons – needed to approximate a given surface. Not to mention that the
study of shapes and structures of developable surfaces is itself a classical subject
that has intrigued mathematicians for centuries and has found numerous artistic
applications in architecture and design, see [2].
In the seventies K. Nomizu pointed out that the concept of (extrinsic) rolling
can be understood as a kinematic interpretation of the (intrinsic) Levi-Civita
connection and of the Cartan development of curves, see [3] and [4]. One derives
simple expressions for the components of the corresponding relative angular ve-
locity vector of the rolling, i.e. the geodesic torsion, the normal curvature, and
the geodesic curvature of the given curve and its development, see [5, 6, 7, 9, 8].
For example, in conjunction with a plane, the rolling must propagate along a pla-
nar curve which has the same geodesic curvature as the given curve, see examples
in [10].
In recent years rolling has received a renewed wave of interest – in part because
of its importance for robotic manipulation of objects [11]. For example, there has
been an interest in understanding rolling from symmetry arguments [12] as well
1
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as purely geometrical considerations [13, 14, 15]. Also, the shapes known as D-
forms are examples of surface structures that are formed by assembling several
developable surfaces [16, 17, 18].
The paper is organized as follows: In sections 2 and 3 we apply the notion
of rolling as an alternative entrance to the construction of developable surface
approximations. We show how the method of rolling a surface along the planar
Cartan development of a given curve on the surface produces a planar ribbon
which – after isometric bending along the lines of the instantaneous rotation
axes – will reproduce the surface approximation along the said curve. In other
words, the rolling induces a local isometry between the flat approximation along
the curve and the plane. Further in section 3 we discuss a specific measure
of the local goodness of a given ribbon approximation. In section 4 we then
initiate the corresponding study of such approximations by establishing a precise
calculation of the Euler characteristic of the surfaces via an inspection of the
family of approximating ribbons. Finally, in sections 5 and 6, we illustrate the
approximation method by two concrete examples which show the ensuing Cartan
ribbon approximations of a torus (along two trigonometric center curves) and of
an ellipsoid (along six lines of curvature), respectively.
2. The Initial Setting
We consider two surfaces S and S˜ in R3. Let γ be a smooth, regular curve on
S, γ : J = [0, α] → S, such that γ(0) = (0, 0, 0). We equip γ with its Darboux
frame field F = {e, h,N}, defined as follows: for each t ∈ J we let N(t) denote a
unit normal vector to S at γ(t), we let e(t) = γ′(t)/‖γ′(t)‖ the unit tangent vector
of γ and h(t) = N(t) × e(t). The frame F then satisfies the following equations
– see for example [19, Corollary 17.24]:
(1)
 e′(t)h′(t)
N ′(t)
 = ‖γ′(t)‖ ·
 0 κg(t) κn(t)−κg(t) 0 τg(t)
−κn(t) −τg(t) 0
 e(t)h(t)
N(t)
 ,
where τg(t), κn(t), and κg(t) are the geodesic torsion, the normal curvature,
and the geodesic curvature, respectively, of γ at γ(t). Since we are so far only
considering local geometric entities, the surfaces S and S˜ need not be orientable,
i.e. the frame F and its properties – such as the signs appearing in (1) – depend
on the local choice of normal vector field N . In the final sections we will note a
few consequences concerning the rolling and the corresponding ribbonization of
non-orientable surfaces.
Moving S on S˜. Given a curve γ on S as above, we now consider smooth and
regular curves γ˜ on the other surface S˜ such that the following initial compatibility
and contact conditions are satisfied:
(2)
γ˜(0) = γ(0) = (0, 0, 0)
γ˜′(0) = γ′(0)
‖γ˜′‖ = ‖γ′‖ ,
so that γ˜ has the same initial point and direction as γ and so that γ˜ has the same
speed as γ for all t ∈ J . A framed motion of (S, γ) on S˜ is then defined as follows:
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Definition 2.1. Let E+(3) be the group of direct isometries of R3. A (1-parameter)
framed motion gt of (S, γ) on S˜ along γ˜ is a differentiable map J → E+(3) such
that for each t the map gt is the isometry that maps
(3)
γ(t) to γ˜(t),
γ(t) + e(t) to γ˜(t) + e˜(t),
γ(t) +N(t) to γ˜(t) + N˜(t) ,
where e˜ and N˜ are two of the members of the Darboux frame F˜ = {e˜ , h˜ =
N˜ × e˜ , N˜} along γ˜ on S˜ defined in the same way as the frame F along γ on
S. The point γ˜(t) is called the contact point at instant t, and γ˜(J) is called the
contact curve of the framed motion gt of (S, γ) on S˜.
Since gt is in particular an instantaneous isometry it is represented by x 7→
Rtx + ct, where Rt ∈ SO(3) is a rotation matrix and ct a translation vector.
The instantaneous framed motion is then given by the vector field Vt : x 7→
Ωt(x− ct) + c′t, with Ωt = R′tRTt , see [3]. As gt is a framed motion we have:
Proposition 2.2. Let Dt be the matrix having e(t), h(t) and N(t) as coordinate
column vectors (with respect to a fixed coordinate system in R3) and similarly, let
D˜t be the matrix having e˜(t), h˜(t) and N˜(t) as coordinate column vectors (with
respect to the same fixed coordinate system in R3). Then
(4)
Rt = D˜tD
T
t
ct = γ˜(t)−Rtγ(t) ,
so that
(5) gt(x) = D˜tD
T
t (x− γ(t)) + γ˜(t) .
Proof. The rotation D˜tD
T
t maps the vector e(t) to e˜(t), and N(t) to N˜(t). The
representation gt(x) = Rtx+ ct is therefore given by (5). 
Rolling S on S˜. A framed motion gt of (S, γ) on S˜ along γ˜ is said to be rotational
if, for all t ∈ J , Ωt is different from the zero matrix. At each time instant we
can then find a unique vector ωt 6= 0, the angular velocity vector, such that
ωt × x = Ωtx for all x ∈ R3.
Based on the orientation of the angular velocity vector relative to the common
tangent plane of gt(S) and S˜, we introduce the following terminology for the
instantaneous motion – which extends directly to the entire motion.
Definition 2.3. The instantaneous rotational framed motion gt is a pure spin-
ning if the angular velocity vector ωt is orthogonal to the tangent plane Tγ˜(t)S˜, and
a pure twisting if ωt is proportional to the tangent vector e˜(t). Finally, the motion
gt will be called a standard rolling if ωt does not contain a spinning component
and is not a pure twisting, i.e. a standard rolling of S on S˜ is characterized by
the condition that there exist smooth functions a and b such that ωt decomposes
as follows for all t:
(6) ωt = a(t) · e˜(t) + b(t) · h˜(t) + 0 · N˜(t) , b(t) 6= 0 .
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It turns out that a standard rolling of a given surface S on a plane gives a
kinematic approach towards the construction of approximating developable rib-
bons that is presented below in section 3. To begin with, we observe the following
result for the more general situation of rolling S on a general surface S˜:
Proposition 2.4. With the setting introduced above, a framed motion gt of (S, γ)
on S˜ along γ˜ is a standard rolling if and only if the following conditions are
satisfied for all t ∈ J :
(7)
κg(t) = κ˜g(t)
κn(t) 6= κ˜n(t) ,
where κ˜g and κ˜n denote the geodesic curvature and the normal curvature of γ˜,
respectively.
Proof. As in proposition 2.2, Rt = D˜tD
T
t and ct = γ˜(t) − Rtγ(t). Then, gt(x) =
Rtx + ct, and so we can find the instantaneous motion Vt by computing Ωt(x −
ct) + c
′
t. Since c
′
t = γ˜
′(t)−R′tγ(t)−Rtγ′(t) = −R′tγ(t) for Rt maps γ′(t) to γ˜′(t),
we obtain
(8)
Vt(x) = Ωt(x− γ˜(t) +Rtγ(t))−R′tγ(t)
= Ωtx− Ωtγ˜(t) +R′tγ(t)−R′tγ(t)
= Ωt(x− γ˜(t)),
where Ωt = R
′
tR
T
t = D˜
′
tD˜t + D˜tD
′T
t DtD˜
T
t . If now we let
(9) Λt = ‖γ′(t)‖
 0 κg(t) κn(t)−κg(t) 0 τg(t)
−κn(t) −τg(t) 0
 ,
we have – from (1) – that D˜′t = D˜tΛ˜
T
t = −D˜tΛ˜t (Λ˜t is skew symmetric) as well
as D′Tt Dt = Λt. Hence, if Ξt = Λt − Λ˜t, that is
(10) Ξt =
 0 Ξ1,2t Ξ1,3t−Ξ1,2t 0 Ξ2,3t
−Ξ1,3t −Ξ2,3t 0
 ,
where
(11)
Ξ1,2t = ‖γ′(t)‖ · (κg(t)− κ˜g(t))
Ξ1,3t = ‖γ′(t)‖ · (κn(t)− κ˜n(t))
Ξ2,3t = ‖γ′(t)‖ · (τg(t)− τ˜g(t)),
the expression for Ωt reduces to
(12) Ωt = D˜tΞtD˜
T
t ,
and the resulting angular velocity vector of the rolling is thence – with respect
to the Darboux frame F˜(t) = {e˜(t), h˜(t), N˜(t)} along γ˜ in S˜:
(13)
ωt =
(
−Ξ2,3t , Ξ1,3t , −Ξ1,2t
)
F˜(t)
= ‖γ′(t)‖ · (−τg(t) + τ˜g(t) , κn(t)− κ˜n(t) , −κg(t) + κ˜g(t))F˜(t) .
CARTAN RIBBONIZATION 5
By comparing (13) with (6) we see that the conditions (7) are necessary and
sufficient for gt to be a standard rolling. 
In passing we note – for later use – that (13) and proposition 2.4 immediately
give the coordinates of the pulled-back angular rotation vector ωˆt = R
T
t ωt with
respect to the frame F(t) for a standard rolling:
(14) ωˆt = ‖γ′(t)‖ · (−τg(t) + τ˜g(t) , κn(t)− κ˜n(t) , 0)F(t) .
The important special case in which S˜ is a plane is covered by the following
corollary:
Corollary 2.5. If S˜ is a plane, then the motion gt is a standard rolling if and
only if
(15)
κg(t) = κ˜g(t)
κn(t) 6= 0 .
The instantaneous angular rotation vector ωt and its pull-back ωˆt are correspond-
ingly – in F˜(t) and F(t) respectively:
(16)
ωt = ‖γ′(t)‖ · (−τg(t), κn(t), 0)F˜(t)
= ‖γ′(t)‖ · (−τg(t), κn(t), 0)F(t) ,
where now F˜(t) = {e˜(t), e˜3 × e˜(t), e˜3} is the co-moving frame in the plane with
constant normal vector field e˜3 along γ˜.
3. Developable Cartan surface ribbons
In this section we show that the rolling discussed above serves as a tool for
obtaining a flat developable approximation of the surface S along γ. This is
alternative to constructing developable approximations via envelopes of tangent
planes along γ, see [20, pp. 195-197]. In the recent work [8] osculating developable
surfaces and their singularities have been studied, see also [21]. It will follow
from the condition (15) that the approximating surface is free of singularities in
a neighbourhood of γ, see theorem 3.1 below.
We first consider the notion of ruled surfaces, since developable surfaces con-
stitute a special subcategory of those:
Let w− and w+ denote two positive functions on the given t-interval J , let
I = [−w−(t), w+(t)], and let V denote the corresponding parameter domain in
R2. A parametrized ruled surface (with boundary) r : V → R3 based on the center
curve γ is determined by a non-vanishing vector field β along γ:
(17) r(t, u) = γ(t) + u · β(t) , t ∈ J, u ∈ I.
We will assume that β is a unit vector field along γ and that the surface r is
regular, i.e. its partial derivatives are linearly independent for all u in the interval
[−w−(t), w+(t)], t ∈ J . Regularity implies in particular that
(18) β(t) 6= ±e(t) for all t ∈ J.
Moreover, the surface r(V ) is flat (with Gaussian curvature zero at all points,
i.e. developable), precisely when the following condition is satisfied – see [20, p.
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194]:
(19) β′ · (β × e) = 0.
If r(V ) is eventually to be constructed so that it becomes a flat approximation
of S along γ, we need to find a regular parametrization r such that r(V ) is
developable and has the same normal field N as S along γ. It means that we
need to determine the vector function β so that it fulfills (18), (19), and
(20) β ·N = 0.
The desired vector function β is precisely (modulo length and sign) the previ-
ously encountered pulled-back angular velocity vector ωˆt along γ associated with
the rolling of S along γ˜ on a plane, see [10]:
Theorem 3.1. Let γ denote a smooth curve on a surface S and let F = {e, h,N}
be the corresponding Darboux frame field along γ. Suppose that the normal curva-
ture function κn for γ on S never vanishes. Then there exists a unique developable
surface which contains γ and which has everywhere the same tangent plane as S
along γ. It is parametrized as follows:
(21) r(t, u) = γ(t) + u · ωˆt‖ωˆt‖ , u ∈ [w−(t), w+(t)] , t ∈ J.
where ωˆt denotes the pulled-back angular velocity vector:
(22)
ωˆt = κn(t) · h(t)− τg(t) · e(t) ,
‖ωˆt‖ =
√
κ2n(t) + τ
2
g (t) .
Proof. Write β in terms of its coordinate functions β · e and β · h, substitute into
equation (19) and apply equation (1) to express the derivatives of e and h. Then
(23)
β · e
β · h = −
τg
κn
,
and the result follows upon normalization of the solution β. The ruling directions
of the developable surface are thus given by the instantaneous angular velocity
vector of the rolling. 
Definition 3.2. The developable surface, which is parametrized by (21) – and
which is therefore approximating the surface S – will be called the Cartan surface
ribbon along γ on S.
As is already in the name, the Cartan surface ribbon can be developed isomet-
rically into a planar ribbon:
Definition 3.3. The associated Cartan planar ribbon for γ on S – which is
defined along γ˜ in the plane – is now determined via (24) in the proposition
below, which also establishes the isometry between the two Cartan ribbons.
Proposition 3.4. An isometry from the Cartan surface ribbon onto the associ-
ated Cartan planar ribbon is realized along the development curve γ˜ in the fol-
lowing way, which is in precise accordance with the previously found rolling of S
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along γ on the plane with contact curve γ˜. We simply map the point r(t, u) to
the point
(24)
r˜(t, u) = γ˜(t) + u · ωt‖ωt‖
= γ˜(t) + u · ωt√
κ2n(t) + τ
2
g (t)
.
Proof. We let β(t) = ωt/‖ωt‖ and βˆ(t) = ωˆt/‖ωˆt‖. Since κg(t) = κ˜g(t) all
the scalar products between two vectors chosen from {γ′(t), βˆ(t), βˆ′(t)} are the
same as the scalar products between the corresponding two vectors chosen from
{γ˜′(t), β(t), β′(t)}. It follows that the two first fundamental forms for r(t, u) and
r˜(t, u) respectively, have identical coordinate functions. The two ribbons r and r˜
are therefore isometric. 
Remark 3.5. In all of the above constructions we have assumed that the center
curves in question have nowhere vanishing normal curvature. For a number of
cases the normal curvature does vanish, such as on planar faces of polyhedra
and through lines of inflections on generalized cylindrical faces. The method of
approximation by ribbons can be extended to these surfaces by cut and paste along
the singular rulings under the condition that the geodesic torsion also vanishes
together with the normal curvature. For example, for surfaces containing planar
domains, the ribbonization can be continued over any edge of the planar domain
if the ruling of the ribbon agrees with the given edge. For polyhedral surfaces this
is always possible. A ribbon with planar patches will also be denoted a Cartan
ribbon, see the later section on Euler’s polyhedral formula.
Curvature and parallel transport. In view of our observations concerning
the rolling of S on the plane, it now makes sense to say that the Cartan surface
ribbon can be rolled isometrically onto the associated Cartan planar ribbon. This
is induced in the way just described by the rolling of S on the plane, which itself is
represented by the pulled-back angular velocity vector field ωˆ along γ in S and by
ω along γ˜ in the plane. Accordingly, once the center curve γ˜ in the plane has been
constructed using κ˜g(t) = κg(t), then the approximating Cartan surface ribbon
can be obtained via the inverse rolling of the Cartan planar ribbon backwards into
contact with the surface S along γ. An early hint of this connection is presented
in [22, pp. 227-228].
The key object for the actual construction of the approximating Cartan surface
ribbon along a given curve γ on S is thence the planar curve γ˜, which may itself be
constructed either by rolling, or – simpler – by integrating the curvature function
κg of γ, but in the plane, in the well known way, see [20]:
Proposition 3.6. Suppose γ˜ has (signed) curvature κg and speed ‖γ˜′‖ = v. Then,
modulo rotation and translation in the plane, we have:
(25) γ˜(t) =
∫ t
0
v(tˆ) · (cos(ϕ(tˆ)) , sin(ϕ(tˆ))) dtˆ
where
(26) ϕ(tˆ) =
∫ tˆ
0
v(uˆ) · κg(uˆ) duˆ .
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The curve γ˜ appears as a special – and simple – example of a Cartan devel-
opment as already alluded to via the reference to Nomizu’s initial work, see [3].
This is why the ensuing developable ribbons are called Cartan surface ribbons.
To be a bit more specific concerning our simple 2-dimensional setting, we recall
in particular the important geodesic curvature equivalence used above:
We let the tangent space Tγ(0)S at γ(0) represent the plane S˜ into which we
want to construct the Cartan development curve corresponding to the given curve
γ in S. For each t we consider the parallel transport of the tangent vector γ′(t)
along γ from the point γ(t) to the point γ(0), see [4, p. 131]:
(27) X(t) = Πγ(t) , γ(0)γ (γ
′(t)) .
The Cartan development γ˜ of γ in Tγ(0)S is then:
(28) γ˜(t) =
∫ t
0
X(u) du .
From this construction it follows in particular that
Proposition 3.7. Any tangent vector γ˜′(t1) = X(t1) is itself parallelly trans-
ported (in the usual Euclidean sense) along γ˜ in the tangent space Tγ(0)S (which
may be canonically identified with Tγ˜(0)S˜) from (0, 0) to γ˜(t1) and the (geodesic)
curvature function of the planar curve γ˜ is equal to the geodesic curvature function
of the original curve γ in S:
(29) κ˜g(t) = κg(t) for all t.
Proof. Suppose Y is any parallel vector field along the curve γ on the surface
S, then the angle θ(t) = ∠(Y (t), γ′(t)) gives the geodesic curvature of γ via
θ′(t) = κg(t). Since the same holds true by construction along the development
curve γ˜ in the tangent plane, we get θ˜(t) = θ(t) so that κ˜g = κg. 
A measure of local goodness of Cartan ribbon approximations. A mea-
sure of the goodness of a single ribbon approximation along a given center curve
γ can be obtained from the following construction. Close to γ the surface S can
be parametrized as a graph surface ’over’ the Cartan ribbon in the direction of
the normal field N of the ribbon as follows:
(30)
Sε : σ(t, u) = γ(t)+u·
κn(t)h(t)− τg(t)e(t)√
κ2n(t) + τ
2
g (t)
+f(t, u)·N(t) , t ∈ J , u ∈ [−ε, ε] ,
where f denotes the corresponding ’height’ function and ε is everywhere smaller
than each of the width functions w− and w+ for all t ∈ J along γ. (Both width
functions have positive minima since they are positive and J is closed.) The
function f clearly has f(t, 0) = f ′(t, 0) = 0 for all t ∈ J , so that
(31) f(t, u) =
1
2
f ′′(t, 0) · u2 +O(u3) for each t ∈ J and for all u ∈ [−ε, ε] .
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The domain in space that is enclosed ’between’ the surface Sε and the Cartan
Ribbon is thence parametrized as follows:
(32)
Dε : R(t, u, w) = γ(t) + u ·
κn(t)h(t)− τg(t)e(t)√
κ2n(t) + τ
2
g (t)
+ w · f(t, u) ·N(t) ,
where t ∈ J , u ∈ [−ε, ε] , w ∈ [0, 1] .
Definition 3.8. We consider the volume of the domain Dε as a natural local
measure of goodness M(γ, ε) of our approximation of the surface S, i.e. of the
approximation by the single Cartan ribbon to the tubular neighborhood Sε of width
2ε along the center curve γ:
(33) M(γ, ε) = Vol(Dε) =
∫
J
∫ ε
−ε
∫ 1
0
|(R′t ×R′u) ·R′w| dt du dw .
We then have the following evaluation of Dε.
Theorem 3.9. The goodness M(γ, ε) of the single ribbon approximation along
a unit speed center curve γ can be expressed in terms of the curvature functions
H(t), K(t), κn(t) and τg(t) along γ as follows:
(34) M(γ, ε) = 1
3
ε3 ·
∫
J
F (H(t), K(t), κn(t), τg(t)) dt+O(ε
4) ,
where
(35)
F (H,K, κn, τg) =
κ2n(
κ2n + τ
2
g
)3/2 · ∣∣∣(τ 2g − κ2n + 2Hκn − 2τg√2Hκn −K − κ2n)∣∣∣ .
Proof. Using the parametrization of Dε and the derivatives of the Darboux frame
in (1) we find that the volume element |(R′t ×R′u) ·R′w| has the following leading
term:
(36) |(R′t ×R′u) ·R′w| =
∣∣∣∣∣∣12f ′′uu(t, 0) · u
2 · κn(t)√
κ2n(t) + τ
2
g (t)
∣∣∣∣∣∣+O(u3) .
The second derivative f ′′uu(t, 0) is precisely the normal curvature of the surface
S in the direction of the ruling line of the Cartan ribbon at γ(t). It can thence
be expressed by the curvature function values H(t), K(t), κn(t) and τg(t) at γ(t)
along γ:
(37) f ′′uu(t, 0) =
κn
κ2n + τ
2
g
(
τ 2g − κ2n + 2Hκn − 2τg
√
2Hκn −K − κ2n
)
.
Insertion into (36) then gives:
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M(γ, ε) =
∫
J
∫ ε
−ε
∫ 1
0
|(R′t ×R′u) ·R′w| dt du dw
=
∫
J
∫ ε
−ε
∣∣∣∣∣12 · u2 · κ2n(κ2n + τ 2g )3/2
(
τ 2g − κ2n + 2Hκn − 2τg
√
2Hκn −K − κ2n
)∣∣∣∣∣+O(u3) dt du
=
1
3
ε3 ·
∫
J
∣∣∣∣∣ κ2n(κ2n + τ 2g )3/2
(
τ 2g − κ2n + 2Hκn − 2τg
√
2Hκn −K − κ2n
)∣∣∣∣∣ dt+O(ε4)
=
1
3
ε3 ·
∫
J
F (H(t), K(t), κn(t), τg(t)) dt+O(ε
4) .

Corollary 3.10. Suppose that the center curve γ is a line of curvature on the
surface S – as is the case for all the chosen center curves on the ellipsoid consid-
ered in section 6 below. Then the geodesic torsion of γ vanishes identically and
the corresponding local measure of goodness of the Cartan ribbon along γ reduces
to:
(38) M(γ, ε) = 1
3
ε3 ·
∫
J
|κn(h(t))| dt+O(ε4) ,
where κn(h(t)) denotes the normal curvature of S at γ(t) in the direction of h(t),
which is orthogonal to γ′(t).
Proof. This follows directly from equation (36) and the fact that in this case we
have f ′′uu(t, 0) = κn(h(t)). 
Another consequence of theorem 3.9 is the following result, which is not sur-
prising, since we are approximating the surface S with flat Cartan ribbons:
Corollary 3.11. Suppose that the Gaussian curvature K of S vanishes identically
along γ. Then
(39) M(γ, ε) = O(ε4) .
Proof. This follows readily by inserting the following ingredients into the formula
(34):
K(t) = 0 ,
H(t) = κ1(t) ,
κ2(t) = 0 ,
τg(t) = κ1(t) cos(θ(t)) sin(θ(t)) ,
κn(t) = κ1(t) cos
2(θ(t)) ,
where θ(t) denotes the angle between γ′(t) and the principal direction of curvature
for S at γ(t) corresponding to the principal curvature κ1(t). 
Remark 3.12. Although theorem 3.9 is but an initial step towards a global mea-
sure of goodness for the total number of individual Cartan ribbons (that are in
use for the overall approximation of a given full surface), it may still be possible
and reasonable to apply the formula (34) – or a proper refinement of it – for each
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ribbon and then simply sum the values of goodness over the number of ribbons.
Naturally, the u-domain of integration should then not just be [−ε, ε] but rather the
full width-interval [−w−(t), w+(t)] along the respective ribbons. Moreover, good
single ribbon approximations (and their higher dimensional analogues) represent
an interesting alternative basis and tool for principal geodesic analysis, and for
polynomial regression in general, on surfaces and in Riemannian manifolds, see
[23] and [24]. In particular, in that setting the notion of Riemannian polynomials
have also been studied via rolling maps, see [25] and [26] – much in the same vein
as we have employed the concept of rolling in the present work.
The local cut-off procedure for neighboring ribbons. We consider two
neighboring center curves γ1 and γ2 for two neighboring Cartan ribbons and prove
the existence of their intersection curve, that eventually constitute the wedge
(or cut-off) curve in space ’between’ the two center curves, see the examples in
sections 5 and 6. The wedge thereby defines the actual width functions w2− and
w1+, that are used for the final ribbonization of the surface S. In this setting w
1
+
is to be thought of as the cut off function for γ1 in the direction towards γ2, and
w21 is the cut off function for γ
2 in the (opposite) direction from γ2 towards γ1.
Proposition 3.13. The wedges are well-defined for each pair of neighboring Car-
tan ribbons, i.e. the cut-off functions exist, provided the corresponding center
curves are pairwise sufficiently close to each other.
Proof. We sketch the proof as follows. Suppose that r1 is the ruling line at some
point p on γ1. We must show that (for close-by neighboring center curves) there
is a corresponding ruling line r2 at some point of γ
2 so that the two rulings
intersect in a (cut-off) point, i.e. so that w1+ and w
2
− exist. Obviously, this does
not necessarily work for center curves that are far apart from each other, so we
need that the center curves are sufficiently close.
We may assume that the two center curves are neighboring coordinate curves in
a special local parametrization of a tubular neighborhood around γ1. Specifically,
without lack of generality, we parametrize the neighborhood by a smooth vector
function ρ with parameters t and v such that the following properties are satisfied:
ρ(t, 0) = γ1(t); ρ(t, ε) = γ2(t); every t-coordinate curve has nonvanishing normal
curvature: κn(ρ
′
t(t, v)) 6= 0; and ρ′v(t0, v) is in the direction of the ruling line of
the Cartan ribbon along the curve ρ(t, v) at the point ρ(t0, v) for all v ∈ [0, ε].
This latter condition means that the curve qt0(v) = ρ(t0, v), v ∈ [0, ε] has
tangent lines that are ruling lines of the respective Cartan ribbons along the
center curves ρ(t, v) for each v in the said interval.
If the curve qt0 has nonzero curvature at v = 0 (and possibly also nonzero
torsion there), then an intersection argument in the ambient space shows that
there exists a ruling line of the Cartan ribbon at some point ρ(t2, ε) along the
center curve ρ(t, ε) close to ρ(t0, ε), i.e. for t2 close to t0, which intersects the
ruling line r1 based at p = ρ(t0, 0) – provided ε is sufficiently small. If the torsion
of the curve qt0 vanishes in the interval v ∈ [0, ε] so that it is planar in that
interval, then t2 = t0 and the intersection takes place in that plane.
The same argument holds if qt0 has zero curvature at v = 0 but, say, has
positive curvature for v ∈]δ, ε]. Moreover, if qt0 has zero curvature in an interval,
v ∈ [0, ε[, then qt0 is a straight line in that interval and every point on the ruler
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from p is also a point on a ruler for the ribbon with center curve η(t, v0) for any
v0 in that interval, and the corresponding cut-off value for w
1
+ can be chosen to
be any value in ]0, ε[. 
4. Gauss Bonnet inspection
We consider a finite (piecewise smooth) ribbonization R = ∪Ri Ri, R = #R,
of S all of whose Cartan surface ribbons Ri, i = 1, . . . , R, are closed in the
sense that they are based on closed smooth center curves on S as in figures 2
and 4 below. Let W = ∪iWi denote the system of (piecewise smooth) wedge
curves stemming from the ribbonization R and let Ŵ denote the corresponding
planar wedge curve system of the Cartan planar ribbons R̂. The end (cut-)curves
of the planar ribbons – that are typically needed in order to obtain the planar
representation of the ribbons – are not considered part of Ŵ .
We now apply the Gauss Bonnet theorem to surfaces which are ribbonized by
such circular ribbons.
The system of wedge curves W consists of curves with possible branch-points,
where three or more ribbons come together, and with possible end-points, where
one ribbon is locally bent around the wedge (and is thus in contact with itself),
as in the top and bottom ribbon on the ellipsoid in Fig. 4 below.
We may assume without lack of generality that the branch points and end
points are all isolated and regular in the sense that the wedge curves in a neigh-
bourhood of such points can be mapped diffeomorphically to a corresponding
star configuration in R3 with a number of straight line segments issuing from
a common vertex. The branch-points and end-points are called vertices of the
ribbonization R. The vertex set is denoted by P and the number of vertices by
P = #P . The number of segments issuing from a given vertex pk in the vertex set
P is called the degree, dk = d(pk) of the vertex. If a ribbon has an isolated cone
point then this is also a vertex, and – in accordance with the above definition –
we count its degree as 0.
Theorem 4.1. The Euler characteristic, χ(R), of a ribbonization R is
(40) χ(R) = 1
2
P∑
k=1
(2− dk) .
Proof. The total curvature contributions for the Gauss–Bonnet theorem can be
divided into three parts:
a) Surface contributions: the surface integral of the Gauss curvature K,
(41) CR\W∪P =
∫
R\W∪P
Kdµ = 0 .
b) Wedge contributions: The integral of the geodesic curvature along the edges
of the Cartan ribbons excluding the vertex points,
(42) CW\P =
R∑
q=1
∫
Wq\Pq
κWq(s) ds .
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c) Vertex contributions: sum of the angular deficit (angular defect) at the
vertices, i.e. 2pi minus the sum of the inner angles β(j, k) at the vertices. The
inner angles are replaced by the corresponding outer angles α(j, k) as α = pi − β
where α ∈ [−pi, pi] and β ∈ [0, 2pi],
CP =
P∑
j=1
(
2pi −
dk∑
k=1
β(j, k)
)
=
P∑
k=1
(
2pi −
dk∑
j=1
(pi − α(j, k))
)
=
P∑
k=1
(2pi − pidk) +
P∑
k=1
dk∑
j=1
α(j, k) .
(43)
Summarising : Adding these contributions together we find:
(44) 2pi · χ(R) =
R∑
q=1
∫
Wq\Pq
κWq(s) ds+
P∑
k=1
dk∑
j=1
α(j, k) +
P∑
k=1
(2pi − pidk) .
By a permutation of the outer angles in the second term one can group them
according to the ribbon wedge curves they appear on. This is possible because
each of the kinks on the ribbons is encountered precisely once in the summation.
Further, as the ribbons are closed it follows that their wedge integral and the
corresponding sum of outer angles together cancels to zero. Hence one is left
with the equality:
(45) χ =
1
2
P∑
k=1
(2− dk) .

Remark 4.2. As mentioned, the set of vertices, P, is a feature of the three-
dimensional mesh of wedge curves. Wedge curves from two, most commonly
distinct, ribbons follow each other until a vertex point, where, e.g. three ribbons
come together. We summarise the different vertex characters with Table 1.
dk Vertex character Classification
0 Fully circumscribed by one ribbon Cone point
1 Half circumscribed by a ribbon Wedge end point
2 Two ribbons meet at the point Zero contributing vertex
> 2 n > 2 ribbons meet Conventional vertex
Table 1. A characterisation of vertices.
The ribbon formula in Theorem 4.1 is valid for orientable as well as non-
orientable surfaces. To see this we only need to show that the formula does not
change whether the ribbons are regular closed ribbons or Mo¨bius strip-ribbons.
This follows as a consequence of lemma 4.3 below.
CARTAN RIBBONIZATION 14
Lemma 4.3. A conventional cylindrical closed ribbon (without vertices), and a
Mo¨bius strip-ribbon both contribute zero to the total curvature integral.
Proof. It follows simply by cutting the ribbons along a ruler. In this case, the
ribbons can be fully flattened and has a total curvature contribution of 2pi which
is equal to the sum of the four artificial angles introduced by the cutting along
the ruler. The difference between a ribbon that is orientable and one that is not
consists of a simple permutation of the four inner angles of the cut. 
For the explicit extension of theorem 4.1 to Cartan ribbonizations that include
ribbons with open center curves, it is sufficient to count the number NO of such
ribbons, and equation 40 becomes:
(46) χ =
1
2
P∑
k=1
(2− dk) +NO .
Remark 4.4. A necessary and sufficient criterion for the correct representation
of the topology of the surface S by a given ribbonization is the following: For each
ribbon there exists a homeomorphism which maps the ribbon to a domain on the
surface such that
(1) The contact structure (edges and vertices) between the individual ribbons
is preserved
(2) The full surface S is covered precisely once by the images of the ribbons.
For ribbonizations with sufficiently narrow ribbons, i.e. with small cut-off func-
tions w− and w+, such homeomorphisms can for example be obtained via normal
projection (along the orthogonal lines to S) of the ribbons into the surface.
From ribbon inspection to the Euler polyhedral formula. We consider
a polyhedron Q and apply the conventional notation, i.e. F , E and V denote
the number of faces, of edges, and of vertices, respectively, of the polyhedron.
To apply the ribbon formula (40) we need to cover the polyhedron with closed
ribbons. One can cover each one of the F faces by a closed ribbon with a (flat)
vertex covering the intrinsic part of the face polygon. With this choice there are
then F new such virtual vertices, all with degree zero. We therefore have the
total number of ribbon vertices
(47) P = V + F
and
(48)
P∑
k=1
dk = 2 · E .
Hence we recover the well known polyhedron formula from the ribbon formula:
(49) χ(Q) =
1
2
V∑
k=1
(2− dk) = 2(V + F )− 2E
2
= V − E + F.
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5. An unknot-based Cartan ribbonized torus
This example is concerned with the ribbonization of the torus
(50)
T 2 : σ(u, v) = ((2 + cos(u)) · cos(v) , (2 + cos(u)) · sin(v) , sin(u)) , (u, v) ∈ R2
using the following two closed curves as center curves (see Fig. 1):
(51)
γ1(t) = σ (3 · t , t) , t ∈ [−pi, pi]
γ2(t) = σ
(
3 · t , t+ pi
3
)
, t ∈ [−pi, pi] .
Figure 1. Two (3, 1)-unknots on a torus that are used as center
curves for the beginning of a Cartan ribbonization of the torus. See
Fig. 2 with the corresponding ribbons, extended and cut-off.
The corresponding two Cartan surface ribbons are then constructed (with con-
stant and equal width functions) along the two curves, using the parametrization
recipe in (21). They are displayed on the right in Fig. 1. The ribbons are then
widened in R3 in the direction of ±ω until intersection with their respective
neighbour ribbons.
Figure 2. Ribbonization of the torus along two (3, 1)-unknots
with the correct cut-off width functions.
In the present example the planar ribbons are constructed via the planar center
curves γ˜ from (25) using the geodesic curvature function from the curves (51) on
the torus, see figure 3.
The intersection width functions are obtained numerically by solving the in-
tersection equation for each value of t along the center curves, see Fig. 2. Once
the cut-off widths w± of the Cartan surface ribbons have been determined, the
corresponding Cartan planar ribbons (with the same width-functions w±(t)) are
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Figure 3. The geometry of one of the two identical planar ribbons
used for the covering of the torus in Fig. 2.
finally constructed from the planar center curve with the same geodesic curvature
as the original center curve on the surface. In this particular case both Cartan
planar ribbons are identical – one of them is displayed in Fig. 3.
Inspection of the ribbonized torus. The number of vertices of the above
ribbonization is 0 and hence according to equation (45) we get immediately Euler
characteristic χ = 0 for the torus.
6. Curvature line based ribbonizations of an ellipsoid
A curvature line parametrization of the ellipsoid with half axes
√
a >
√
b >√
c > 0 is obtained as follows, see [27] and [9, Example 7.4]:
(52)
σ(u, v) =
(
±
√
a(a− u)(a− v)
(a− b)(a− c) , ±
√
b(b− u)(b− v)
(b− a)(b− c) ,±
√
c(c− u)(c− v)
(c− a)(c− b)
)
,
where u ∈ (b, a) and v ∈ (c, b). This particular parametrization of the ellip-
soid is shown in the leftmost display in Fig. 4. As shown on the display the
coordinate (curvature) lines of this parametrization extend smoothly from one
octant to a neighbouring octant except at the 4 umbilical points on the ellipsoid
corresponding to parameter values u→ b and v → b.
Figure 4. Ribbonization of the ellipsoid with half axes
√
5, 2, and
1 corresponding to the parameters (a, b, c) = (5, 4, 1) in the repre-
sentation (52). The ribbonization is built from 6 Cartan surface
ribbons along the indicated line-of-curvature center-lines which in-
tersect the horizontal “equator” at equi-distributed points.
Such curvature line ribbonizations are interesting, partly because they give
nontrivial illustrations of the simple measure of goodness established in corollary
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3.10, and partly because they also clearly highlights the significant umbilical
points. The umbilics on the ellipsoid considered here correspond to the four
endpoints of the wedge segments that appear on the top cap and on the bottom
cap – both visible in the second display from the left in figure 4.
Inspection of the ellipsoid. The ellipsoid has 4 vertices – corresponding to the
4 umbilical points – each of degree one, dk = 1, and each therefore contributing
one-half to the Euler characteristic, see equation (40).
7. Comparison with classical topological inspections
As illustrated above, the topology of the surface can be read off from a rib-
bonization – in fact often in an easier way than from a triangulation. In this
section we will briefly compare the above inspection with the methods of Morse
and Poincare´-Hopf based on inspections of Morse height-functions and their cor-
responding vector fields, respectively.
Consider a Morse height-function f on a surface S and choose center curves for
a ribbonization among level curves of f . Since the saddle points of f are isolated
the center curves can be chosen to be arbitrarily close and yet with tangents
avoiding asymptotic directions, so that such ribbonizations exist and have the
same topology as the surface. Moreover, as a third perspective, the gradient of f
on S represents a vector field whose indices also count its topology.
Based on a Morse height-function these three topological inspections are all
based on countings of minima, maxima, and saddle points. Clearly, the final
summations give the same result when applying Table 2 below.
Ribbon (dk) Morse (γ) Vector field (I)
Minimum 0 0 1
Saddle point 4 1 -1
Maximum 0 2 1
χ 1
2
∑nv
k=1(2− dk)
∑γ=2
γ=0(−1)γ nγ
∑nz
k=1 Ik
Table 2. Listing the relationship between degrees of vertices, dk,
Morse indices γ, and the indices, I, of a vector field for smooth
two-dimensional manifolds. Also compared are the corresponding
three topological inspections for the Euler characteristic: the rib-
bon inspection, based on vertex counting; the Morse index formula,
based on critical points of Morse functions [28]; and the Poincare´-
Hopf formula, based on the counting of types of zeros of a vector
field [29].
In the case of a torus with its classical Morse height function, see [30, Diagram
1 p. 1], the corresponding ribbonizations all have one minimum, one maximum
(both with degree dk = 0) and two saddle points (with degrees dk = 4), so that
the sum is 1
2
∑nv
k=1(2−dk) = 0, as expected. An interesting Morse height function
for the non-orientable Boy’s model of RP 2 in R3, that may likewise be used as
center curves for a ribbonization, is presented by U. Pinkall in [31, Chapter 6,
pp. 63–67, figures 6.7 and 6.8]. This particular ribbonization has 4 vertices of
degree dk = 0, and 3 vertices of degree dk = 4, so that χ = 1.
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8. Conclusions
In this paper we recover the conditions for the existence of proper rollings of one
surface on another [3, 4, 5, 6] – in particular the condition that the two contact
curves, that are generated from the rolling, have identical geodesic curvature.
This follows from defining the standard rollings as rigid motions in R3 that are
conditioned partly via their instantaneous rotation vectors and partly via the
obvious condition of contact between the mentioned track curves on the respective
surfaces, i.e. common speed of the contact point along the tracks and common
tangent planes at the instantaneous point of contact.
Surfaces are then approximated by a mesh of ribbons. Rolling a surface on a
plane and using the Cartan developments of curves allow us to construct devel-
opable ribbons that have common tangent planes everywhere along the curve of
contact on the surface. In this way we may approximate the surface not just by
one such developable surface but by a full set of ribbons. In short, the surface
is ribbonized by flat ribbons which have center-curve contact with the surface.
This is a clear difference in comparison with the much used method of triangu-
lations, which typically only give discrete point-contact with the surface. In the
same way as for triangulations, defining a measure of “goodness” of a Cartan
ribbonization is dependent on the actual application. Different methods for de-
signing surfaces by developable patches within a desired global error bound have
been developed in [32, 33, 34, 35]. For Cartan ribbonizations, this is an interest-
ing problem, which we have addressed by introducing a local measure of goodness
for the approximation of the surface along a single ribbon.
Concerning the global structure of the approximations, we present a partic-
ularly simple topological inspection of the ribbonized surfaces, which gives the
Euler characteristic of the ribbonization – and thence also of the surface, if the rib-
bonization is fine enough. The ensuing topological formula for the Gauss-Bonnet
theorem involves only the vertices of the ribbonization and their degrees. This
complements the classical inspections of topology stemming from Morse theory
and from the Poincare´-Hopf formula, which also amount to summing over critical
point indices. If we organise the ribbonization of a given surface according to
level curves of a Morse height function, then we obtain the direct correspondence
shown in Table 2.
The intriguing relations between the kinematics of rolling and the geometry of
developable surfaces clearly carries many more assets for future work than what
we cover in the present paper. As indicated above, already the study of ribboniza-
tions could well pave new ways for refined analyses of physical, geometrical, and
topological properties of surfaces. Not to mention the potentials of their higher
dimensional analogues. Possible practical applications are manifold and appear
in such diverse fields as robotics, architecture, design, shape analysis, and mod-
ern engineering. See for example the following works on rolling spherical robots
[36], roof panelling [37], statistical geometric regression analysis [23, 24], and the
manufacturing of clothes [38].
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NEWSON’S CHALLENGE AND THE VOLUME OF
CERTAIN CONVEX HULLS
JAKOB BOHR, STEEN MARKVORSEN, AND MATTEO RAFFAELLI
Abstract. We comment on a challenge raised by Newson in the Annals
more than a century ago and present an expression for the volume of
the convex hull of a convex closed space curve with four vertex points.
1. Introduction
In 1899 H.B. Newson published an exposition concerning the volume of
a polyhedron with n faces [9]. In the afterword he called on the readers of
Annals of Mathematics to find a formula for the volume of a closed surface,
in analogy to the formula for the area of a closed planar curve, c,
(1) A =
1
2
∫
c
(xdy − ydx) .
Often the well known Equation (1) is explained on the basis of Green’s
formula. Newson derived the area formula based on the limiting case of a
many-sided polygon, and then hinted that a similar approach might pro-
vide insight into the volume of a closed surface. Perhaps he had in mind
something like the divergence theorem. Here, we will follow a different path,
namely one of integrating along closed space curves. First we restate the
area derivation of Newson in a slightly disguised form.
For a closed, and simple curve, α ∈ R3, that is constricted to a 2-plane
containing the origin, we can write the area of the enclosed domain Ω, α =
∂Ω, as
(2) A(Ω) =
1
2
|
∮
α
r˙(s)× r(s) ds | .
where r(s) is a unit speed parameterization for α. This result can be ob-
tained by taking the limiting case of an n-polygon with vertices all con-
stricted to the same 2-plane in R3. With vertices at {ri}, i ∈ {1, . . . , n}, the
area AP becomes,
(3) AP =
1
2
|
n∑
i=1
ri × ri+1 mod n | .
In the following we outline how a generalization of Equation (2) leads to a
simple expression for the volume of the convex hull of a convex space curve
with 4 vertices:
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Theorem 1. Let γ be a unit speed convex space curve parameterized by r(s),
and assume that γ has 4 vertices. Then the volume of the convex hull is:
(4) V (Conv(γ)) =
1
24
∮
γ
∮
γ
|[r˙(s1)r˙(s2)(r(s1)− r(s2))]| ds1ds2 .
2. Proof of the theorem
A space curve is by definition convex if every point is an extreme point.
Then the convex hull of a convex space curve consists of two developable
sheets that meet at a seam curve (the given space curve). We refer to
[2, 6, 7, 8] for details.
Proof. We investigate cases where one can parameterize the hull, Conv(γ),
with s1 ∈ [0, L], s2 ∈ [0, L] and u ∈ [0, 1] as follows:
(5) r(s1, s2, u) = γ(s1) + u(γ(s2)− γ(s1)) .
This parameterization utilizes the 4 vertex requirement, which secures
that all points of Conv(γ) can be written as a convex sum of just two ex-
treme points. If γ has precisely four points of zero torsion and no points
of zero curvature then γ has no tri-tangential supporting planes and the
convex hull of γ has no polygonal domains. This result follows straight-
forwardly from generalized versions of the four-vertex theorem [11, Corol-
lary 1]: V + 2K + 2d ≥ 4 +P where V is the number of vertex points (with
zero torsion), K is the number of zero curvature points, d the number of
external segments, and P the number of support polygons. Note, that d = 0
when the curve lies on its convex hull [4]. If the boundary of the convex
hull contained a planar triangle spanned by the vertices V1 ,V3 and V5, then
the point (V1+V3+V5)/3 cannot be described by the assumed parametriza-
tion of the hull. For more details on tri-tangential planes, see ref. [4, 3, 1, 10].
Now we resume to the volume formula. First we observe that
∂r
∂s1
= (1− u)e(s1)
∂r
∂s2
= ue(s2)
∂r
∂u
= γ(s2)− γ(s1) .
(6)
so that the Jacobian determinant needed for the volume element becomes:
(7)
[ ∂r
∂s1
,
∂r
∂s2
,
∂r
∂u
]
= (u− u2)[e(s1), e(s2), γ(s2)− γ(s1)] .
Let m be the number of times a point of the internal hull is encountered
by the chosen parameterization. Then
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(8) V =
1
6m
∮
γ
∮
γ
|[e(s1), e(s2), γ(s2)− γ(s1)]| ds1ds2 .
where the factor 1/6 comes from integrating over the parameter u. Thus, in
the spirit of polygonal discretisation, we are summing volumes of tetrahedra
where two of the edges are infinitesimal. The connection to the challenge by
Newson can be seen by investigating the case where the curve γ is approx-
imated by smaller and smaller straight line segments. It forms a limiting
case where γ is akin to a non-flat n-sided polygon. Two neighboring polyg-
onal vertices {ri, ri+1} forms a straight segment. With a double sum we
can combine a straight segment from the first sum with a segment from the
second sum, i.e. the four points {ri, ri+1, rj , rj+1}, which span an elongated
tetrahedron, henceforth denoted by Ti,j . It has the signed volume:
(9) Vi,j =
1
6
[ri+1 − ri, rj − ri, rj+1 − ri] = 1
6
[ri+1 − ri, rj − ri, rj+1 − rj ]
Increasing, or decreasing, one of the two indices {i, j} by a single step,
one generates an adjacent tetrahedron, e.g. Ti+1,j , which shares a planar
triangle with Ti,j . A pertinent question is then, are the interior of the two
tetrahedra disjoint or not? In other words, are they in different halfspaces,
or in the same halfspace, defined by the plane containing the shared triangle?
If
(10) sign(Vi,j) = sign(Vi+1,j) ,
then the interior of the two tetrahedra are disjoint, and the tetrahedra are
sharing only the common planar triangle. However, if
(11) sign(Vi,j) = −sign(Vi+1,j) .
then the shared triangle is on the boundary of the convex hull and the
two tetrahedra are in the same halfspace. Therefore their volumes are not
disjoint.
In general, a tetrahedron Ti,j will fill some interior part of the hull that has
contact with the boundary of the hull at the four coordinates {ri, ri+1, rj , rj+1}.
Will all of the tiny tetrahedra together fill the convex hull? Yes, Ti,j has four
triangular faces of which each is shared with one of the following tetrahedra
{Ti+1,j , Ti−1,j , Ti,j+1, Ti,j−1}. In other words, no tetrahedron Tk,l will have
a triangular face that are not met by a neighboring tetrahedron except for
those on the boundary of the hull.
Upon increasing index j while keeping index i fixed, a face of the tetra-
hedron will reach the boundary of the hull. This occurs once at each of the
two developable boundary sheets of the hull, thereby contributing a factor
of two to m. An additional factor of two comes from from considering the
index i, i.e. from interchanging i and j. Hence, we are left with m = 4.

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3. Applications to D-forms
About a decade ago, the artist Tony Wills developed work on so-called
D-forms, i.e. compact domains bounded by two developable sheets that are
seamed together along their respective boundary curves [12]. For an intro-
duction to D-forms, see also ref. [13]. We define a D-form as follows:
Definition 3.1. A D-form is a compact domain in R3 whose boundary
consists of two connected developable sheets, such that the boundaries of
these two sheets are identified to form a closed space curve γ, the seam
curve of the D-form.
Observation 3.1. The seam curve γ forms the extreme points of the D-
form.
Proof. Since the two sheets are developable all the extreme points must be on
their boundary, i.e. points of the seam curve γ. Further, γ must be a closed
space curve and every point of γ an extreme point. The latter follows from
the definition of a D-form, as it requires exactly two developable sheets. 
Remark 3.1. Some authors use a more extended definition of D-forms, e.g.
one which allows for cone-points and/or creases on the developable sheets.
In case of creases where the two sheets have merged and become a single
sheet with a fold the resulting structure has been called a pita-form [5].
Observation 3.2. A D-form is the convex hull of its seam curve.
Proof. It follows from the uniqueness of the convex hull and from the fact
that the seam curve consists of the extreme points. 
In general the D-forms defined by Definition 3.1 can have boundary areas
that are not just intrinsically flat but also extrinsically planar, e.g. planar
triangles. A more demanding requirement is to limit the D-forms considered
to those without any planar triangles (or other polygons) on the surface of
the developable sheets. The volume of such a simple D-form is then given
by Theorem 1.
4. Conclusion
A surprisingly simple formula for the volume of convex hulls of certain
closed space curves is obtained. It involves a simple idea of using a Jacobian
determinant for a choice of parameterization of the convex hull that is not
one-to-one. The main observation is that the chosen parameterization cov-
ers all internal points of the hull exactly four times. Changes in orientation
are handled by taking the absolute value of the volume element. The re-
quirement that the internal points of the hull are covered an equal number
of times by the parameterization is what limits the validity of the formula
to closed space curves with only 4 vertex points.
The artistic expressions of D-forms by T. Wills call for a revisit to the
study of convex hulls of closed space curves. John Sharp argues in his book-
let that D-forms are beautiful objects [14]. Could it be because the human
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eye recognizes them as minimal convex sets? To try and answer this ques-
tion goes beyond the scope of the current work, although it could form the
basis for an interesting enquiry.
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Abstract. Given a smooth curve γ in some m-dimensional surface M in Rm+1, we study
existence and uniqueness of a flat surface H having the same field of normal vectors as M
along γ , which we call a flat approximation of M along γ . In particular, the well-known
characterisation of flat surfaces as torses (ruled surfaces with tangent plane stable along the
rulings) allows us to give an explicit parametric construction of such approximation.
1. Introduction and main result
Developable, or flat, hypersurfaces in Rm+1, where m ≥ 2, are classical objects in
Riemannian geometry. They are characterised by being foliated by open subsets of
(m − 1)-dimensional planes, called rulings, along which the tangent space remains
stable [16, Theorem 1]. Here we are concerned with the problem of existence and
uniqueness—as well as with the explicit construction—of flat approximations of
hypersurfaces along curves. Let Mm be a (possibly curved) Euclidean hypersurface
and γ a curve in Mm . A hypersurface H is called an approximation of Mm along
γ if the two manifolds have common tangent space at every point of γ .
In dimension 2, the question of existence has been settled for a long time. A
constructive proof, under suitable assumptions, is already present in Do Carmo’s
textbook [6, pp. 195–197]. It turns out the existence of a flat approximation of M2
along γ implies the existence of a rolling, in Nomizu’s sense, of M2 on the tangent
space Tγ (0)M2 along the given curve—see [11,13]. More recently, Izumiya and
Otani have shown uniqueness [8, Corollary 6.2].
In this paper, we extend the result in [6] to any curve in Mm . More precisely,
we shall present a constructive proof of the following
Theorem 1.1. Let γ : I → Mm be a smooth curve in a hypersurface Mm in Rm+1.
If the curve is never parallel to an asymptotic direction of Mm, then there exists a
flat approximation H of Mm along γ . Such hypersurface is unique in the following
sense: if H1 and H2 are two flat approximations of Mm along γ , then they coincide
on an open set containing γ (I ).
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The strategy to prove this result involves looking for (m − 1)-tuples of
linearly independent vector fields (X1, . . . , Xm−1) along γ satisfying γ˙ (t) /∈
span(X j (t))m−1j=1 for all t and having zero normal derivative (normal projection of
Euclidean covariant derivative). Indeed, such conditions guarantee the image of the
map γ + span(X j )m−1j=1 be a flat hypersurface of Rm+1 in a sufficiently small neigh-
bourhood of γ . The main difficulty resides in getting around the many-to-one cor-
respondence between tuples of vector fields and rank-(m−1) distributions along γ .
It is worth pointing out that the solution depends on the original hypersurface
Mm only through its distribution of tangent planes along γ . Thus, when m = 2, our
problem is nothing but the classical Björling’s problem—to find all minimal sur-
faces passing through a given curve with prescribed tangent planes—addressed to a
different class of surfaces. In this respect, the present work joins several other recent
studies aimed at solving Björling-type questions, see [2,3] and references therein.
The paper is organised as follows. The next two sections present some pre-
liminaries, mostly for the sake of introducing relevant notation and terminology.
In Sect. 4 we derive a simple condition for discerning when a parametrised ruled
hypersurface has a flat metric. Such condition is then used in Sect. 5 to prove the
main theorem. Finally, in Sect. 6 we give some general remarks about the construc-
tion of the approximation.
As a notational remark, beware that in this article we always use Einstein sum-
mation convention: every time the same index appears twice in any monomial
expression, once as an upper index and once as a lower index, summation over all
possible values of that index is understood.
Note. During the revision process, we have discovered that the authors in [7] pro-
vide an alternative viewpoint on the problem treated in this paper. We have also
found out that a different method for constructing the solution could be deduced
from [5, Section 2].
2. Vector cross products
Let V be an n-dimensional, real vector space equipped with a positive definite
inner product 〈·,·〉. In the following, V k will indicate the k-th Cartesian power
of V , and Lk(V ) the set of all multilinear maps from V k to V . Note that, under
pointwise addition and scalar multiplication, Lk(V ) is a finite dimensional vector
space, in that it is naturally isomorphic to the space T (1,k)(V ) of tensors on V of
type (1, k)—see for example [10, Lemma 2.1]. Thus, dim Lk(V ) = nk+1.
A k-fold vector cross product on V , 1 ≤ k ≤ n, is an element of Lk(V )—i.e.,
a multilinear map X : V k → V —satisfying the following two axioms:
〈X (v1, . . . , vk), vi 〉 = 0 , 1 ≤ i ≤ k.
〈X (v1, . . . , vk), X (v1, . . . , vk)〉 = det(〈vi , v j 〉).
We emphasize that the second axiom implies any such X being alternating.
In particular, in the case V carries an orientation O, we say that an (n − 1)-fold
vector cross product X is positively oriented if the following condition holds for
Flat approximations of hypersurfaces along curves
all (n − 1)-tuples of linearly independent vectors v1, . . . , vn−1:
(v1, . . . , vn−1, X (v1, . . . , vn−1)) ∈ O.
Analogously, a negatively oriented vector cross product satisfies the same relation
with −O in place of O.
In [4], Brown and Gray proved the following theorem:
Theorem 2.1. Let V be an oriented finite dimensional inner product space, of
dimension n. There exists a unique positively oriented (n − 1)-fold vector cross
product X = · × · · · × · on V . It is given by:
v1 × · · · × vn−1 = (v1 ∧ · · · ∧ vn−1)
where  is the Hodge star operator on V .
We now turn our attention to manifolds. If M is a smooth Riemannian manifold
of dimension m, let LkTM be the disjoint union of all the vector spaces Lk(Tp M):
LkTM =
⊔
p∈M
Lk(Tp M).
Clearly, for Lk(Tp M) ∼= T (1,k)(Tp M), the set LkTM has a canonical choice of
topology and smooth structure turning it into a smooth vector bundle of rank mk+1
over M . We define a k-fold vector cross product on M , where 1 ≤ k ≤ m, to be
a smooth section X of LkTM such that, for every point p ∈ M , the map X p is a
k-fold vector cross product on Tp M .
We thus have the following corollary of Theorem 2.1:
Corollary 2.2. Let M be a smooth oriented m-dimensional Riemannian manifold.
There exists a unique (m − 1)-fold positively oriented vector cross product on M.
It acts on (m − 1)-tuples of vector fields X1, . . . , Xm−1 on M by
X1 × · · · × Xm−1 = (X1 ∧ · · · ∧ Xm−1).
3. Frames along curves
In this section we review some basic facts about Euclidean submanifolds and
orthonormal frames along curves.
Let us start with some notation. If m ≥ 2, let M be an m-dimensional embedded
submanifold of Rd , and γ : I = [0, α] → M a smooth unit-speed curve in M .
Throughout this paper, Rd will always be equipped with the standard Euclidean
metric g, typically indicated by a dot “ · ”, and standard orientation. Thus, there
is a natural choice of Riemannian metric on M : the induced metric ι∗g, i.e., the
pullback of g by the inclusion ι : M ↪→ Rd .
Working with submanifolds, it is customary to identify each tangent space Tp M
with its image under the differential of ι. In so doing, the ambient tangent space
TpRd splits as the orthogonal direct sum Tp M ⊕ Np M , where Np M is the normal
space of M at p. Thus, the set X(M) of tangent vector fields on M becomes a
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proper subset of the set of vector fields along M , which we denote by X(M). If
X ∈ X(M) and Υ ∈ X(M),
∇XΥ = (∇XΥ ) + (∇XΥ )⊥,
where ∇ is the Euclidean connection,  and ⊥ are the orthogonal projections onto
the tangent and normal bundle of M , and where the vector fields X and Υ are
extended arbitrarily to Rd . It turns out that the map X(M) × X(M) → X(M)
defined by
(X, Y ) → (∇X Y )
is a linear connection on M , called the tangential connection. In fact, it is no other
than the (intrinsic) Levi-Civita connection ∇ of (M, ι∗g).
Similarly, indicating by X(M)⊥ the set of normal vector fields along M , we
define the normal connection on M as the map X(M) × X(M)⊥ → X(M)⊥ given
by
(X, N ) → (∇X N )⊥.
Let us recall that an orthonormal frame along γ is an m-tuple of smooth vector
fields (Ei )mi=1 along γ such that (Ei (t))
m
i=1 is an orthonormal basis of Tγ (t)M for
all t ; the frame (Ei )mi=1 is γ -adapted when E1 = γ˙ . In particular, an orthonormal
frame (W1, . . . , Wd) along a curve ι ◦ γ in Rd is said to be M-adapted if (Wi )mi=1
spans the ambient tangent bundle over γ .
In the remainder of this section, we assume that M has codimension one in Rd ,
i.e., that d = m + 1. Under such hypothesis, given any orthonormal frame (Ei )mi=1
along γ , we can construct an associated M-adapted orthonormal frame along ι ◦ γ
as follows. For k = 1, . . . , m, let Wk = Ek ; then, for k = m + 1,
Wm+1 = E1 × · · · × Em,
so that (W1, . . . , Wm+1) is the unique extension of (Ei (t))mi=1 to a positively ori-
ented, orthonormal frame along ι ◦ γ .
Assume (Ei )mi=1 be γ -adapted. Denoting by Dt and Dt the covariant derivative
operators determined by ∇ and ∇, respectively, we may write
Dt Ei = Dt Ei + τi Wm+1, (1)
for some smooth function τi : I → R. Clearly, should M be orientable, τi =
± h(E1, Ei ), where h is the (scalar) second fundamental form of M determined by
a choice of unit normal vector field. Moreover, it easily follows from orthonormality
that
Dt Wm+1 = −τ1 E1 − · · · − τm Em .
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4. Developable surfaces
The main purpose of this section is to generalize to higher dimensions the following
well-known fact about ruled surfaces in R3—see for example [6, p. 194]:
Lemma 4.1. Let I , J be open intervals. Further, let γ and X be curves I → R3
such that the map σ : I × J → R3 given by
σ(t, u) = γ (t) + u X (t)
is a smooth injective immersion. Then the Gauss curvature of σ(I × J ) is zero
precisely when γ and X satisfy γ˙ · X˙ × X = 0.
We shall begin with some definitions extending the classical notions of ruled
and torse surface to arbitrary dimension, yet keeping the codimension fixed to 1. If
m ≥ 2, let H be a hypersurface in Rm+1, as always smooth and embedded.
Definition 4.2. We say that H is a ruled surface if
(1) H is free of planar points, that is, there exists no point of H where the second
fundamental form vanishes;
(2) there exists a ruled structure on H , that is, a foliation of H by open subsets of
(m − 1)-dimensional affine subspaces of Rm+1, called rulings.
In particular, a ruled surface H is said to be a torse surface if, for every pair of
points (p, q) on the same ruling, we have Tp H = Tq H , i.e., if all tangent spaces of
H along a fixed ruling can be canonically identified with the same linear subspace
of Rm+1.
Remark 4.3. Although condition (1) in Definition 4.2 may seem overly restrictive,
it gives any ruled surface H a desirable property. Namely, it ensures the existence
of a smooth ruled parametrisation of H [15]. On the other hand, we will also need
to work with the broader class of generalised ruled hypersurfaces obtained by
relaxing such condition. It is well known that every generalised torse with planar
points is made up of both standard torses and pieces of m-planes, always glued
along a well-defined ruling.
Remember that any d-dimensional Riemannian manifold locally isometric to
Rd is said to be flat. In particular, the classical term for hypersurfaces is developable,
see [16, Section 1] for a detailed discussion on terminology. Remarkably, it turns
out that
Theorem 4.4. ([16, Theorem 1]). H is a torse surface if and only if it is free of
planar points and, when equipped with the induced metric ι∗g, H becomes a flat
Riemannian manifold.
Corollary 4.5. H is a generalised torse surface if and only if the induced metric
on H is flat.
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Given a curve γ in Rm+1, the following result is key for constructing ruled
surfaces containing γ . Note that in its statement we use the canonical isomor-
phism between Rm+1 and any of its tangent spaces to identify the vector fields
X1, . . . , Xm−1 along γ with curves in Rm+1.
Lemma 4.6. Let I be a closed interval. Let γ : I → Rm+1 be a smooth injective
immersion. Let (X1, . . . , Xm−1) be a smooth, linearly independent (m−1)-tuple of
vector fields along γ such that γ˙ (t)×X1(t)×· · ·×Xm−1(t) = 0 for all t ∈ I . Then
there exists an open box V in Rm−1 containing the origin such that the restriction
to I × V of the map σ : I × Rm−1 → Rm+1 defined by
σ(t, u) = γ (t) + u j X j (t)
is a smooth embedding.
Proof. To show that σ restricts to an embedding, we first prove the existence of
an open box V1 such that σ |I×V1 is a smooth immersion. Essentially, the statement
will then follow by compactness of I .
Obviously, σ is immersive at (t, u) if and only if the length 
 : I ×Rm−1 → R
of the cross product of the partial derivatives of σ is non-zero at (t, u). Thus,
define Wt to be the subset of {t} × Rm−1 where σ is immersive. It is an open
subset in Rm−1 because it is the inverse image of an open set under a continuous
map, Wt = 
(t, ·)−1(R\{0}); it contains 0 by assumption. Thence, there exists
an t > 0 such that the open ball B(t , 0) ⊂ Rm−1 is completely contained in
Wt . Letting 1 = inf t ∈ I (t ), we can conclude that the restriction of σ to the box
I × (−1/2, 1/2)m−1 is a smooth immersion.
Now, being σ a smooth immersion on I × V1, it follows that every point of
I × V1 has a neighbourhood on which σ is a smooth embedding. Let then W ′t be
the subset of Wt where σ is an embedding. It is open in Rm−1, and it contains the
origin because γ is a smooth injective immersion of a compact manifold. From
here we may proceed as before. unionsq
Thus, for suitably chosen V ⊂ Rm−1, we have verified that Hσ = Im σ |I×V
is a hypersurface in Rm+1, and Fσ = {σ(t, V )}t ∈ I a ruled structure on it. Under
such hypothesis, let us assume Hσ is orientable (this we can do, possibly limiting
the analysis to an open subset). Then, we may pick out a smooth unit normal vector
field N along Hσ by means of the m-fold cross product on Rm+1, as follows. Letting
Z = ∂σ
∂t
× ∂σ
∂u1
× · · · × ∂σ
∂um−1
, (2)
define N̂ = Z |Z |−1, and so N = N̂ ◦ σ−1. In this situation, assuming there are
no planar points, Hσ being a torse surface is equivalent to N being constant along
each of the rulings. Thus, indicating with ∇ the Euclidean connection on Rm+1,
(Hσ , ι∗g) is flat if and only if, for all vector fields X tangent to Fσ on Hσ :
∇X N = 0. (3)
In fact, by linearity—and writing ∂ j as a shorthand for ∂∂u j —it suffices that (3) holds
for the vector fields σ∗(∂1), . . . , σ∗(∂m−1) spanning the distribution corresponding
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to Fσ . We may thereby express the developability condition for (Hσ , ι∗g) simply
as
∂1 N̂ = · · · = ∂m−1 N̂ = 0, (4)
where we understand ∂ j as acting on the coordinate functions N̂ 1, . . . , N̂ m+1 of N̂
in the standard coordinate frame of T Rm+1.
The next lemma finally translates (4) into m − 1 conditions involving the
vector fields X1, . . . , Xm−1 along γ , and represents the sought generalization
of Lemma 4.1. It says that ι∗g is a flat Riemannian metric precisely when
Dt X j = Dt X j for every j , or equivalently when each of the normal projections
(Dt X1)⊥, . . . , (Dt Xm−1)⊥ vanishes identically.
Lemma 4.7. Assume σ |I×V is a smooth embedding. The hypersurface Hσ is a
generalised torse surface if and only if the following equations hold:
γ˙ · ∂1 Z ≡ γ˙ · Dt X1 × X1 × · · · × Xm−1 = 0
...
γ˙ · ∂m−1 Z ≡ γ˙ · Dt Xm−1 × X1 × · · · × Xm−1 = 0
(5)
Proof. Computing the partial derivatives of σ and substituting them into the expres-
sion (2) for Z , we get:
Z(t, u) = {γ˙ (t) + ui Dt Xi (t)} × X1(t) × · · · × Xm−1(t),
from which the identity ∂ j Z ≡ Dt X j × X1 × · · · × Xm−1 clearly follows. Thus,
we need to prove that ∂1 N̂ = · · · = ∂m−1 N̂ = 0 if and only if ∂1 Z · γ˙ = · · · =
∂m−1 Z ·γ˙ = 0. In fact, for ∂ j Z is orthogonal to X1, . . . , Xm−1, it is enough to check
that ∂1 N̂ = · · · = ∂m−1 N̂ = 0 if and only if (∂1 Z) = · · · = (∂m−1 Z) = 0.
First, assume ∂ j N̂ = 0. Since N̂ = Z |Z |−1, it follows by linearity of the tangential
projection that
|Z |(∂ j Z) − Z∂ j |Z | = 0,
which is true exactly when (∂ j Z) = 0, as desired. To verify the converse, note
that (∂ j N )⊥ = 0 because N has unit length. Thus, again by linearity of ,
∂ j N̂ = (∂ j Z)
|Z | − Z∂ j |Z |
|Z |2 .
Since Z = 0, the claim follows. unionsq
5. Proof of the main result
Here we prove our main result, stated in Theorem 1.1 in the Introduction. The proof
is constructive and is based on the fact that an Euclidean hypersurface without planar
points has a flat induced metric precisely when it is a torse surface (Theorem 4.4).
Let M be a hypersurface in Rm+1 and γ a smooth curve in M , as defined at the
beginning of Sect. 3. Denoting by X(γ ) the set of smooth, non-vanishing vector
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fields along γ , define an equivalence relation on the n-th Cartesian power X(γ )n
of X(γ ) by the following rule:
{(X1, . . . , Xn) ∼ (Y1, . . . , Yn)} ⇔ {span(X1, . . . , Xn) = span(Y1, . . . , Yn)}.
Let us indicate an element of the quotient X(γ )n/∼, that is, an element of X(γ )n
up to equivalence, by [X1, . . . , Xn]. We wish to find [X1, . . . , Xm−1] such that, for
every t ∈ I and integer j with 1 ≤ j ≤ m − 1, both the conditions
γ˙ · Dt X j × X1 × · · · × Xm−1 = 0 (6)
γ˙ (t) × X1(t) × · · · × Xm−1(t) = 0 (7)
are satisfied.
Once and for all, let us choose a γ -adapted orthonormal frame (E1, . . . , Em)
along γ . The first step is to rewrite (6) as an equation involving the m(m−1) coordi-
nate functions Xij of X1, . . . , Xm−1 with respect to (E1, . . . , Em). Differentiating
covariantly X j = Xij Ei and substituting, we obtain
E1 ·
(
Dt Xij Ei + Xij Dt Ei
)
× Xi1 Ei × · · · × Xim−1 Ei = 0, (8)
whereas, from (1),
m∑
i = 1
Dt Ei =
m∑
i = 1
Dt Ei + Em+1
m∑
i=1
τi
=
m∑
i = 1
{(Dt Ei · E1)E1 + · · · + (Dt Ei · Em)Em} + Em+1
m∑
i=1
τi .
Now, given any ordered m-tuple (i1, . . . , im) of integers with 1 ≤ i1 ≤ m + 1 and
1 ≤ ik ≤ m for k = 2, . . . , m, a necessary condition for the m-fold cross product
Ei1 × · · · × Eim to give either E1 or −E1 is that i1 = m + 1 and ik = 1. It follows
that (8) is equivalent to
E1·Xijτi Em+1×
(
X21 E2 + · · · + Xm1 Em
)
×· · ·×
(
X2m−1 E2 + · · · + Xmm−1 Em
)
= 0.
(9)
In fact, Ei1 × · · · × Eim = ±E1 if and only if i1 = m + 1 and the (m − 1)-
tuple (i2, . . . , im) is a permutation of (2, . . . , m). In particular, if it is an even
permutation, then the basis (Em+1, Ei2 , . . . , Eim , E1) is negatively oriented, for
transposing Em+1 and E1 must give a positive basis, and so Ei1 ×· · ·×Eim = −E1.
Thence, denoting by S2m the group of permutations σ of (2, . . . , m), we may write
(9) simply as
−Xijτi
∑
σ ∈ S2m
sgn(σ )Xσ(2)1 · · · Xσ(m)m−1 = 0.
On the other hand, a similar computation would reveal that condition (7) is satisfied
for every t if and only if the summation term above (the term independent of j)
never vanishes. We may thereby conclude that, under the assumption of (7) being
true, condition (6) is equivalent to Xijτi = 0.
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Next, consider the set Z ⊂ X(γ ) of smooth vector fields Z along γ such that
Z1(t) = Z · E1(t) = 0 for every t . We establish a bijection between its quotient
Z/∼ by ∼ and the subset of X(γ )m−1/∼ where (7) holds. For every j , let
X j (Z) = Z × E2 × · · · × E˜m− j+1 × · · · × Em, (10)
where the tilde indicates that Em− j+1 is omitted, so that the cross product is (m−1)-
fold. For example, when j = 1, we omit the last vector field Em ; when j = 2 the
second to last, and so on, until dropping E2 for j = m − 1. Linear independence
of E1, X1(Z), . . . , Xm−1(Z) is easily seen, as by definition Z is never in the span
of E2, . . . , Em . Since the normal projection Z → Z⊥ induces a bijection between
Z/∼ and the set of smooth (m − 1)-distributions along γ nowhere parallel to
E1, it follows that the map [Z ] → [X1(Z), . . . , Xm−1(Z)] between classes of
equivalence is indeed a valid parametrisation of the solution set of (7).
We then compute the coordinates of the cross product in (10) with respect
to the frame (E1, . . . , Em). Substituting Z = Zi Ei , all but the terms Z1 E1 and
Zm− j+1 Em− j+1 will not give any contribution. In particular, E1 ×· · ·× E˜m− j+1 ×
· · ·×Em = ±Em− j+1 depending on whether (E1, . . . , E˜m− j+1, . . . , Em, Em− j+1)
is positively or negatively oriented. Since the corresponding permutation of
(1, . . . , m) has sign (−1) j−1, we conclude that Xm− j+1j (Z) = (−1) j−1 Z1. An
analogous argument would show that X1j (Z) = (−1) j Zm− j+1.
Summing up, solving the original problem on X(γ )m−1/∼ essentially amounts
to finding [Z ] ∈ Z/∼ such that Xij (Z)τi = 0 for every j . Moreover, by the previous
computation,
Xij (Z)τi = (−1) j Zm− j+1τ1 + (−1) j−1 Z1τm− j+1.
Thus, denoting again by ∼ the equivalence relation on C∞(I )m = C∞(I ;Rm)
naturally induced from the one on X(γ ), we need to look for (Z1, . . . , Zm),
up to equivalence, satisfying the following system of m − 1 linear equations on
C∞(I ;R=0) × C∞(I )m−1:
Zmτ1 − Z1τm = 0
Zm−1τ1 − Z1τm−1 = 0
...
Z3τ1 − Z1τ3 = 0
Z2τ1 − Z1τ2 = 0.
(11)
Assume γ be not parallel to any asymptotic direction, so that τ1(t) = 0 for all t .
Then, for any given Z1 (remember Z1 is non-vanishing by definition), the system
has solution
Z1
τ1
(τ1, . . . , τm) .
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However, it is easy to see that all solutions are in one and the same equivalence
class. Indeed, if f and g are two distinct values of Z1, then
τi
τ1
f = f
g
τi
τ1
g.
In particular, letting Z1 = τ1, we obtain Zi = τi for every i = 1, . . . , m, and
the solution of the original problem on X(γ )m−1/∼ is given by
X1 = −τm E1 + τ1 Em
X2 = τm−1 E1 − τ1 Em−1
...
Xm−2 = (−1)m−2τ3 E1 + (−1)m−3τ1 E3
Xm−1 = (−1)m−1τ2 E1 + (−1)m−2τ1 E2.
As for uniqueness, in view of Remark 4.3, it is sufficient to show that the
condition τ1(t) = 0 for all t implies any flat approximation H of Mm along γ be
free of planar points, i.e., be a torse surface. To see this, let N ≡ N ◦σ be a smooth
unit normal vector field along H defined in a neighbourhood It × V of (t, 0). Since
by construction N (·, 0) = ±Em+1 and N (·, u) = N (·, 0) for all u ∈ V , it is clear
that Dt N (·, 0)(t) = 0 if τ1(t) = 0. Hence the second fundamental form of H
cannot vanish if τ1 is always non-zero.
6. Construction of an adapted frame
As seen in the last section, the construction of the flat approximation of M along
γ requires choosing some γ -adapted orthonormal frame (Ei )mi = 1 along γ . We
emphasize that such a choice is completely arbitrary. If the curve in question satisfies
some (rather strong) conditions on its derivatives, then a natural generalization of
the classical Frenet–Serret frame is available. The reader may find details on this
construction in [9,14]. Here we briefly review an alternative approach, one that does
not require any initial assumption on the curve. Such approach is due to Bishop [1].
First of all, since the problem is local, we are free to assume that γ is a
smooth embedding. Thus, for any point p ∈ S = γ (I ), there exist slice coordi-
nates (x1, . . . , xm) in a neighbourhood U of p. It follows that (∂1|p, . . . , ∂m |p)
is a γ -adapted basis of Tp M , i.e., it satisfies Tp S = span ∂1|p and Np S =
span(∂2|p, . . . , ∂m |p). By applying the Gram–Schmidt process to these vectors,
one obtains an orthonormal basis (n j ) of Np S. Although this basis is by no means
canonical, the normal connection ∇⊥ of S provides an obvious means for extending
it to a frame for the normal bundle of S: for each j , let Υ j be the unique normal
parallel vector field along γ such that Υ j |p= n j —see [12, p. 119]. Because normal
parallel translation is an isometry, the frame (γ˙ , Υ1, . . . , Υm−1) is an orthonormal
adapted frame along γ , as desired.
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THE GEOMETRIC CAUCHY PROBLEM FOR
DEVELOPABLE SUBMANIFOLDS
MATTEO RAFFAELLI
Abstract. Given a smooth distribution D of m-dimensional planes along a
smooth regular curve γ in Rm+n, we consider the following problem: To find an
m-dimensional developable submanifold of Rm+n, that is, a ruled submanifold
with constant tangent space along the rulings, such that its tangent bundle
along γ coincides with D . In particular, we give sufficient conditions for the
local well-posedness of the problem, together with a parametric description of
the solution.
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1. Introduction and main result
Given a smooth (m + n)-manifold Qm+n and some class Am of m-dimensional
embedded submanifolds of Qm+n, we can formulate the geometric Cauchy problem
for the class Am as follows:
Problem 1.1. Let γ : I → Qm+n be a smooth regular curve in Qm+n, and let
D denote a smooth distribution of rank m along γ, such that γ˙(t) ∈ Dt for all
t ∈ I. Find all members of Am containing γ and whose tangent bundle along γ
is precisely D .
Remark 1.2. In case Qm+n is a Riemannian manifold, let D⊥t be the orthogonal
complement of Dt in the tangent space Tγ(t)Q
m+n. Then, problem 1.1 is of course
equivalent to finding all members of Am containing γ and whose normal bundle
along γ coincides with the orthogonal distribution D⊥ =
⋃
tD
⊥
t .
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This problem has its roots in the classical Bjo¨rling problem for minimal surfaces
in R3, and has recently been examined for several combinations of Q2+n and A2,
generally with n = 1, see e.g. [4, 6, 12, 3, 1].
In particular, in a joint work with Irina Markina [11], the author has studied
the case of developable hypersurfaces in Rm+1 (the case m = 2 is well-known, see
e.g. [8, p. 195–197]). We showed that, so long as the normal curvature of γ is
never vanishing, a solution exists, is locally unique, and may be constructed using
a method alternative to the classical Gauss parametrization [7], see Appendix B.
The purpose of this note is twofold. On one hand, we aim to give a new
and simpler proof of the main theorem in [11]. At the same time, we intend to
generalize such result to the whole class of developable submanifolds of Rm+n.
These are precisely the ruled submanifolds having no planar point and whose
induced metric is flat, see Theorem 3.4.
In order to state our main theorem, set Qm+n = Rm+n. Let pi> and pi⊥ denote
the orthogonal projections onto D and D⊥, respectively. Let Dt be the Euclidean
covariant derivative along γ.
Theorem 1.3. Assume the function pi⊥(Dtγ˙) is never zero. The geometric
Cauchy problem for developable submanifolds of Rm+n has a solution if and only
if the linear map ρt : D⊥t → Dt defined by ν 7→ pi>(Dtν) has rank one for every
t ∈ I. Moreover:
(i) The solution is unique in the following sense: if M1 and M2 are two solu-
tions of the Cauchy problem, then they coincide on an open set containing
γ(I).
(ii) In such neighborhood, the unique solution M satisfies M = γ+D∩(Im ρ)⊥.
(iii) When I is closed, M can be parametrized as follows. Let (E1, . . . , Em)
be a smooth orthonormal frame for D satisfying E1 = γ˙. Choose a
smooth section N of D⊥ such that pi>(DtN) is non-vanishing. For any
j = 1, . . . ,m− 1, let
Xj =
(
DtEj+1 ·N
)
E1 −
(
DtE1 ·N
)
Ej+1 .
For sufficiently small ε > 0, let σ : I × (−ε, ε)m−1 → Rm+n be defined by
σ(t, u1, . . . , um−1) = γ(t) + u1X1(t) + · · ·+ um−1Xm−1(t) .
Then, M = Imσ.
Remark 1.4. Whenever I is not closed, we may need to allow the parametrized
solution to be defined on a subset of Rm different than a box. More precisely, if
the function pi⊥(Dtγ˙) has some zero in the closure of I, then we will need to have
ε = ε(t), with inft∈I ε(t) = 0.
Remark 1.5. The existence condition may be equivalently stated as follows: the
function pi⊥(Dtγ˙) is never zero and there exists a smooth orthonormal frame
(N∗1 , . . . , N
∗
n) for D
⊥ such that pi>(DtN∗k ) = 0 for all but one value of k ∈
{1, . . . , n}.
Note that, when n = 1, the non-vanishing of pi⊥(Dtγ˙)(t) becomes a sufficient
condition for the rank of ρt to be one, and we thus retrieve Theorem 1.1 in [11].
The paper is organized as follows. In Section 2 we review some background ma-
terial. In Section 3 we derive a simple criterion for discerning when a parametrized
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ruled submanifold is developable. Such criterion, extending a well-known result
of Yano [14], is of independent interest. In Section 4, using an approach based
on Grassmannians, we prove Theorem 1.3. In Section 5 we present a sufficient
condition for the solution to be a hypersurface in substantial codimension. Fi-
nally, in Section 6 we apply our main result to the problem of approximating –
locally along a curve – a given submanifold by a developable one. There follow
two appendixes: the first indicates a different method for proving Theorem 1.3.
For the sake of completeness, in Appendix B we review a simpler parametrization,
available in the case where n = 1.
Notation. In this paper, the integers i, j, k satisfy i ∈ {1, . . . ,m}, j ∈ {1, . . . ,m−
1} and k ∈ {1, . . . , n}, where m ≥ 2 and n ≥ 1. Note that we always use Einstein
summation convention.
2. Preliminaries
2.1. The wedge product. Let V be an d-dimensional real vector space and let
V ∗ be its dual space. A tensor of type (l, r) on V is a multilinear map
F : (V ∗)l × V r → R .
The set of all such tensors – which is of course a vector space under pointwise
addition and scalar multiplication – we denote by T (l,r)(V ).
Recall that a multilinear map is called alternating if its value changes sign
whenever two arguments are interchanged. In particular, an alternating tensor
of type (0, r) is called a r-covector on V , whereas one of type (l, 0) an l-vector
on V . As usual, the sets of all l-vectors is denoted by Λl(V ), and we let Λ(V ) =
Λ1(V )⊕ · · · ⊕ Λd(V ).
Given λ ∈ Λr(V ) and θ ∈ Λl(V ), we define the wedge product λ ∧ θ to be the
following (r + l)-vector:
λ ∧ θ = (r + l)!
r! l!
Alt(λ⊗ θ) ,
where Alt denotes alternation [10, p. 351] and ⊗ is the ordinary tensor product.
Being bilinear, the wedge product turns the vector space Λ(V ) into an (asso-
ciative, anticommutative graded) algebra, called the exterior algebra of V .
Given v1, . . . , vl ∈ V and η1, . . . , ηl ∈ V ∗, it is easy to see that
v1 ∧ · · · ∧ vl(η1, . . . , ηl) = det(ηα(vβ)) .
Moreover, we have the following lemma:
Lemma 2.1 ([10, Exercise 14-4]). An l-tuple (v1, . . . , vl) of elements of V is lin-
early dependent if and only if v1 ∧ · · · ∧ vl = 0. Moreover, two l-tuples (v1, . . . , vl)
and (w1, . . . , wl) have the same span if and only if there exists a non-zero real
number λ such that:
v1 ∧ · · · ∧ vl = λ w1 ∧ · · · ∧ wl .
THE CAUCHY PROBLEM FOR DEVELOPABLE SUBMANIFOLDS 4
2.2. Grassmannians. The Grassmannian G(l, V ) is the set of all l-dimensional
linear subspaces of V . Once a basis of V has been chosen, we may identify G(l, V )
with the quotient Al×d/∼, where Al×d denotes the set of real l × d matrices of
rank l,
Al×d = {A ∈ Rl×d | rankA = l},
and ∼ the equivalence relation
A ∼ B ⇔ there is a matrix g ∈ GL(l,R) such that B = gA.
Note that A ∼ B if and only if A and B have the same row space.
One may show that Al×d/∼, with the quotient topology, is a compact topolog-
ical manifold of dimension l(d− l). In fact, it has a natural smooth structure:
Let pi be the canonical projection Al×d → Al×d/∼. Let J be any strictly
ascending multi-index 1 ≤ i1 < · · · < il ≤ d of length l. For A ∈ Al×d, let AJ be
the l× l submatrix of A consisting of the i1th, . . . , ilth columns of A. Then define
VJ = {A ∈ Al×d | detAJ 6= 0},
and φ˜J : VJ → Rl×(d−l),
φ˜J(A) = (A
−1
J A)J ′ ,
where ( )J ′ denotes the l × (d − l) submatrix obtained from the complement J ′
of the multi-index J . Finally, let UJ = VJ/∼, and φJ such that φˆJ = φJ ◦ pi. It
is standard to prove that {(UJ , φJ)} is a smooth atlas for Al×d/∼.
2.3. Distributions along curves. Let γ be a smooth regular curve I → Rm+n.
Without loss of generality, we may assume γ be unit-speed. Recall that the
ambient tangent bundle TRm+n|γ over γ is the smooth vector bundle over I defined
as the disjoint union of the tangent spaces of Rm+n at all points of γ(I):
TRm+n|γ =
⊔
t∈ I
Tγ(t)Rm+n .
We define a distribution of rank m along γ to be a smooth rank-m subbundle of
the ambient tangent bundle over γ.
Let D be a distribution of rank m along γ, such that γ˙(t) ∈ Dt for all t ∈ I.
The standard Euclidean metric g on Rm+n allows us to decompose TRm+n|γ into
the orthogonal direct sum of D and its normal bundle D⊥. Indeed, letting D⊥t
denote the orthogonal complement of Dt ⊂ Tγ(t)Rm+n with respect to g, define
D⊥ =
⋃
tD
⊥
t , and so
(1) TRm+n|γ = D ⊕D⊥ .
In this setting, if v is an element of TRm+n|γ, the tangential projection is the
map pi> : Rm+n|γ → D defined by
v 7→ pi>(v) ,
where pi>(v) is the orthogonal projection of v onto D . Likewise, denoting by
pi⊥(v) the orthogonal projection of v onto D⊥, the normal projection pi⊥ is the
map Rm+n|γ → D⊥ defined by
v 7→ pi⊥(v) .
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Let now (E1, . . . , Em) be a smooth γ-adapted orthonormal frame for D : this is
just an m-tuple of smooth vector fields along γ, such that E1 = γ˙, and such that
(Ei(t))
m
i=1 is an orthonormal basis of Dt for all t. Similarly, let (N1, . . . , Nn) be an
orthonormal frame forD⊥. It follows that the (m+n)-tuple (E1, . . . , Em, N1, . . . , Nn)
is an orthonormal frame along γ; it respects the direct sum decomposition (1).
Thence, denoting by Dt the Euclidean covariant derivative along γ, i.e., the co-
variant derivative along γ determined by the Levi-Civita connection of (Rm+n, g),
we may write:
(2) DtEi = pi
>(DtEi) + τ 1i N1 + · · ·+ τni Nn .
Here τ 1i , . . . , τ
n
i are smooth functions I → R. In particular, indicating g by a dot,
τ ki = DtEi ·Nk.
3. The developability condition
In this section we aim to generalize a well-known result about ruled surfaces in
R2+n:
Lemma 3.1 ([14]). Let I, J be intervals. Further, let γ and X be curves I →
R2+n such that the map σ : I × J → R2+n given by
σ(t, u) = γ(t) + uX(t)
is a smooth embedding. Then the tangent space of σ is constant along each ruling
precisely when γ and X satisfy γ˙ ∧ X˙ ∧X = 0.
To begin with, we shall extend the classical notion of ruled surface to arbitrary
dimension:
Definition 3.2. An m-dimensional embedded submanifold Mm of Rm+n is a
ruled submanifold if
(1) M is free of planar points, that is, there exists no point of M where the
second fundamental form vanishes;
(2) there exists a ruled structure on M , that is, a foliation of M by open
subsets of (m− 1)-dimensional affine subspaces of Rm+n, called rulings.
Following [13], we now define developable submanifolds and give two alternative
characterizations of them.
Definition 3.3. The relative nullity index of Mm at a point p is the dimension
of the nullity space ∆ of M at p, which is the kernel of the second fundamental
form α of M at p:
∆ = {x ∈ TpM | α(x, ·) = 0}.
We say that M is a developable submanifold if for all p ∈ M the relative nullity
index is equal to m− 1.
Theorem 3.4. Let M be an m-dimensional embedded submanifold of Rm+n. Let
ι : M ↪→ Rm+n denote inclusion, and let g be the standard Euclidean metric on
Rm+n. The following statements are equivalent:
(1) M is developable;
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(2) M is ruled and for every pair of points (p, q) on the same ruling we have
TpM = TqM , i.e., all tangent spaces of M along a fixed ruling can be
canonically identified with the same linear subspace of Rm+n;
(3) M is ruled and the induced metric on M is flat, that is, the Riemannian
manifold (M, ι∗g) is locally isometric to (Rm, g).
Note that, if n = 1, then the theorem still holds when the requirement “M is
ruled” in the third statement is replaced by “M is free of planar points”. In other
words, any flat hypersurface without planar points is automatically ruled.
Given a curve γ in Rm+n, the following result is key for constructing ruled
submanifold containing γ.
Lemma 3.5. Let γ : I → Rm+n be a smooth injective immersion, with I closed.
Let (X1, . . . , Xm−1) be a smooth (m − 1)-tuple of vector fields along γ such that
γ˙(t) ∧ X1(t) ∧ · · · ∧ Xm−1(t) 6= 0 for all t ∈ I. Then there exists an open box
V in Rm−1 containing the origin such that the restriction to I × V of the map
σ : I × Rm−1 → Rm+n defined by
σ(t, u) = γ(t) + ujXj(t)
is a smooth embedding.
Proof. To show that σ restricts to an embedding, we first prove the existence of an
open box V1 such that σ|I×V1 is a smooth immersion. Essentially, the statement
will then follow by compactness of I.
Obviously, σ is immersive at (t, u) if and only if the length ` : I × Rm−1 → R
of the wedge product of the partial derivatives of σ is non-zero at (t, u). Thus,
define Wt to be the subset of {t} × Rm−1 where σ is immersive. It is an open
subset in Rm−1 because it is the inverse image of an open set under a continuous
map, Wt = `(t, ·)−1(R \ {0}); it contains 0 by assumption. Thence, there exists
an t > 0 such that the open ball B(t, 0) ⊂ Rm−1 is completely contained in
Wt. Letting 1 = inft∈ I(t), we can conclude that the restriction of σ to the box
I × (−1/2, 1/2)m−1 is a smooth immersion.
Now, being σ a smooth immersion on I × V1, it follows that every point of
I × V1 has a neighborhood on which σ is a smooth embedding. Let then W ′t be
the subset of Wt where σ is an embedding. It is open in Rm−1, and it contains the
origin because γ is a smooth injective immersion of a compact manifold. From
here we may proceed as before. 
Thus, for suitably chosen V ⊂ Rm−1, we have verified that σ|I×V is an m-
dimensional embedded submanifold of Rm+n, and {σ(t, V )}t∈ I a ruled structure
on it. Under such hypothesis, letting
(3) Z =
∂σ
∂t
∧ ∂σ
∂u1
∧ · · · ∧ ∂σ
∂um−1
,
we may express the constancy of the tangent space along the coordinate vector
field ∂σ
∂uj
(t, ·) as follows: for each value of uj 6= 0 there exists a (non-zero) real
number λ such that
λZ(t, 0) = Z(t, 0, . . . , 0, uj, 0, . . . , 0) .
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The next lemma translates this condition into an equation involving the vector
fields X1, . . . , Xm−1 along γ. As an easy corollary we obtain the desired general-
ization of Lemma 3.1.
Lemma 3.6. Assume σ|I×V be a smooth embedding. The tangent space of σ|I×V
is constant along ∂σ
∂uj
if and only if the following equation holds
(4) DtXj ∧ γ˙ ∧X1 ∧ · · · ∧Xm−1 = 0 .
Proof. Computing the partial derivatives of σ and substituting them into the
expression (3) for Z, we obtain
Z(t, u) =
{
γ˙(t) + ujDtXj(t)
} ∧X1(t) ∧ · · · ∧Xm−1(t) .
Hence, we need to show that
(5) DtXj(t) ∧ γ˙(t) ∧X1(t) ∧ · · · ∧Xm−1(t) = 0
if and only if for each uj 6= 0 there exists λ such that
(λ− 1)γ˙(t) ∧X1(t) ∧ · · · ∧Xm−1(t) = ujDtXj(t) ∧X1(t) ∧ · · · ∧Xm−1(t) .
First, assume, for some uj 6= 0, that such a λ exists. If λ = 1, then them-vector on
the right hand side is necessarily zero. Else, if λ 6= 1, then (γ˙(t), X1(t), . . . , Xm−1(t))
and (DtXj(t), X1(t), . . . , Xm−1(t)) have the same span. Either way, it is clear that
(5) holds. Conversely, if the vectors DtXj(t), γ˙(t), X1(t), . . . , Xm−1 are linearly
dependent, then there exist real numbers a1, . . . , am such that
DtXj(t) = a1X1(t) + · · ·+ am−1Xm−1(t) + amγ˙(t) .
It follows that
ujDtXj(t) ∧X1(t) ∧ · · · ∧Xm−1(t) = ujamγ˙(t) ∧X1(t) ∧ · · · ∧Xm−1(t) ,
and so for any uj 6= 0 the desired λ satisfies λ− 1 = ujam. 
Corollary 3.7. Assume σ|I×V be a smooth embedding. Then σ|I×V is developable
if and only if it is ruled (i.e., without planar points) and the following m − 1
equations are fulfilled:
DtX1 ∧ γ˙ ∧X1 ∧ · · · ∧Xm−1 = 0 ,
...
DtXm−1 ∧ γ˙ ∧X1 ∧ · · · ∧Xm−1 = 0 .
As a final result of this section, we prove the following proposition, which will
be useful in the proof of Theorem 1.3.
Proposition 3.8. If Xj is tangent to D along γ – i.e., Xj(t) ∈ Dt for every
t ∈ I – then (4) is equivalent to
(6) X ijτ
1
i = · · · = X ijτni = 0 ,
where X ij denotes the i-th coordinate function of Xj with respect to (E1, . . . , Em),
and where τ 1i , . . . τ
n
i are defined by (2).
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Proof. Clearly – assuming Xj be tangent to D along γ – equation (4) holds if
and only if DtXj ·Nk = 0 for all k ∈ {1, . . . , n}. Differentiating Xj = X ijEi and
substituting in DtXj ·Nk = 0, we obtain
X ijDtEi ·Nk = 0 ,
for the term X˙ ijEi ·Nk vanishes. Using (2), this is equivalent to
X ij
(
τ 1i N1 + · · ·+ τni Nn
) ·Nk = 0 ,
again because X ijpi
>(DtEi) ·Nk = 0. 
4. Proof of Theorem 1.3
We are now ready to prove Theorem 1.3 in the Introduction. Before treating the
general case, let us for now assume n = 1. To simplify notation, in this section
we often write τi as a shorthand for τi(t).
Let (x1, . . . , xm−1) be a linearly independent (m− 1)-tuple of vectors in Dt =
span(ei)
m
i=1, where ei = Ei(t). Denoting by x
i
j the i-th coordinate of xj with
respect to the basis (ei)
m
i=1, we may identify the tuple (x1, . . . , xm−1) with the
matrix
X =
 x11 . . . xm1... . . . ...
x1m−1 . . . x
m
m−1
 ∈ A(m−1)×m.
The problem is thus to find [X] = [x1, . . . , xm−1] ∈ A(m−1)×m/∼ such that, for
every j ∈ {1, . . . ,m− 1}, both the conditions
xijτi = 0(7)
e1 ∧ x1 ∧ · · · ∧ xm−1 6= 0(8)
are satisfied. (Since we are assuming n = 1, we write τi for τ
1
i .)
First, we shall examine (8). It is easy to see that (8) corresponds to the
requirement that the (m − 1) × (m − 1) submatrix X2···m−1 of X obtained by
removing the first column of X has full rank. In other words, we just need to
look for [X] ∈ U2···m−1 such that, for every j, equation (7) holds.
Define a map ψ2···m−1 : Rm−1 → V2···m−1 by
z = (z1, . . . , zm−1) 7→

z1 1 0 . . . 0
z2 0 1 . . . 0
...
...
...
. . .
...
zm−1 0 0 . . . 1
 .
Since φ−12···m−1 = pi◦ψ2···m−1 is a parametrization of U2···m−1, the original problem
in [X] reduces to the uncoupled system of equations {ψ2···m−1(z)ijτi = 0}j =
{zjτ1 + τj+1 = 0}j on Rm−1.
Assume τ1 6= 0. Then zj = −τj+1/τ1. Since [X] = [−τ1X], it follows that the
tuple (τj+1e1 − τ1ej+1)j represents the unique solution of our problem.
Let us now consider the case where n is arbitrary: equation (7) turns into the
system
(9) xijτ
1
i = · · · = xijτni = 0 .
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Assume pi⊥(DtE1)(t) 6= 0. It follows from (2) that there exists s ∈ {1, . . . , n}
such that τ s1 6= 0. The s-th system {xijτ si = 0}j admits therefore the unique
solution (τ sj+1e1 − τ s1ej+1)j. Clearly, the solution satisfies the remaining n − 1
systems in (9) if and only if, for each k 6= s, either τ k1 = · · · = τ km = 0 or
τ k2
τ k1
=
τ s2
τ s1
, . . . ,
τ km
τ k1
=
τ sm
τ s1
.
In other words, precisely when the rank of ρt is one.
5. Codimension reduction
Let Mm be a submanifold of a Riemannian manifold M˜m+n, and let NpM be the
normal space of M at p. For ν ∈ NpM , we indicate by Aν the shape operator of
M in direction ν.
Recall that:
Definition 5.1 ([2, p. 16]). M is said to be a full submanifold if it is not contained
in any totally geodesic submanifold S of M˜ with dimS < dim M˜ . If M is not
full, one says that there is a reduction of the codimension of M .
A key result about codimension reduction was given by J. Erbacher in 1971:
Theorem 5.2 ([9]). Assume M˜m+n is of constant sectional curvature. If the
first normal space of M is invariant under parallel translation with respect to
the normal connection and is of constant dimension l, then M is not full. In
particular, M is contained in an (m+ l)-dimensional totally geodesic submanifold
of M˜m+n.
Recall that the first normal space of M at a point p ∈M is the linear subspace
N1pM of NpM spanned by the image of the second fundamental form at p. In
other words, N1pM is the orthogonal complement in NpM of the kernel of the
linear map NpM → End(TpM), ν 7→ Aν . If the dimension of N1pM is constant
on M , then N1M is a smooth subbundle of the normal bundle of M .
As a corollary of Theorem 1.3, we obtain:
Corollary 5.3 ([13, Theorem 3]). The dimension of the first normal space at
any point of a developable submanifold of Rm+n is one.
Combining Corollary 5.3 and Theorem 5.2 (see also Remark 1.5), we have:
Proposition 5.4. Assume the function pi⊥(Dtγ˙) is never zero and there exists
a smooth orthonormal frame (N∗1 , . . . , N
∗
n) for D
⊥ such that pi>(DtN∗k ) = 0 for
all but one value s of k ∈ {1, . . . , n}. If pi⊥(DtN∗s ) = 0, then the solution of the
associated geometric Cauchy problem for developable submanifolds of Rm+n is not
full. In particular, it is a hypersurface in an (m+ 1)-dimensional affine subspace
of Rm+n.
Proof. 
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6. Application to approximations
Given a submanifold Mm of Rm+n and a smooth regular curve γ in M , we call
any submanifold containing γ and having the same tangent bundle as M along γ
a (first-order) approximation of M along γ.
The result below follows easily from our main theorem:
Theorem 6.1. Let α be the second fundamental form of M . Suppose the curve γ
is never parallel to an asymptotic direction of M , i.e., that α(γ˙, γ˙) never vanishes.
Suppose further that the linear map αt = α(γ˙(t), ·) has rank one for all t ∈ I.
Then there exists a developable approximation of M along γ. Such approximation
is locally unique, and may be constructed as presented in Theorem 1.3 (iii).
Proof. With the notations of Theorem 1.3, set Dt = Tγ(t)M and assume that
αt : x 7→ pi⊥Dtx has rank one: we shall show that rank ρt = 1.
Note that, if x ∈ Dt and ν ∈ D⊥t , then
ρt(ν) · x = Dtν · x = −ν ·Dtx = −ν · αt(x) .
This shows that ρt and αt are negative adjoint with respect to the dot product,
and so have the same rank. 
Appendix A. Alternative proof of Theorem 1.3
In this appendix we present a coordinate-free approach for proving the main part
of Theorem 1.3, up to and including (ii). We also sketch an alternative method,
adapted from [11, Section 5], for obtaining the parametrized solution given in
(iii).
Let (Xj)
m−1
j=1 be a smooth, linearly independent (m− 1)-tuple of vector fields –
always tangent to D – along γ. By Corollary 3.7, we need to find (Xj)
m−1
j=1 such
that, for any section Y of D⊥ and any j = 1, . . . ,m− 1,
(10) Xj ·DtY ≡ Xj · pi>(DtY ) ≡ Xj · ρ(Y ) = 0.
Hence, our problem amounts to finding Σ = span(Xj)
m−1
j=1 , satisfying γ˙(t) /∈ Σt
for every t, and such that
(11) Σ ⊂ (Im ρ)⊥ ∩D .
Here by (Im ρ)⊥ we mean of course the distribution (Im ρt)⊥t∈I , where the super-
script ⊥ denotes orthogonal complement in the ambient tangent space.
Assume pi⊥(Dtγ˙)(t) 6= 0 for all t ∈ I. Then there exists a smooth section N of
D⊥ such that γ˙ ·DtN = γ˙ · pi>(DtN) never vanishes. It follows that, for any t,
rank ρt 6= 0 and γ˙(t) /∈ (Im ρt)⊥. Since the dimension of the intersection in (11)
equals m − rank ρt, it is clear that a solution Σ exists if and only if rank ρ = 1,
and that such solution is given by equality in (11).
As for (iii), pick an orientation on D . Associated to such a choice (and the
natural bundle metric) there is a well-defined Hodge star operator ? on D , which
in turn defines a unique (m−1)-fold vector cross product on D – see [5, Section 3].
This product acts on tuples of vector fields X1, . . . , Xm−1 on D by
X1 × · · · ×Xm−1 = ?(X1 ∧ · · · ∧Xm−1) .
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Let N as above. For every j ∈ {1, . . . ,m− 1}, let
(12) Xj(N) = DtN × E2 × · · · Êj+1 · · · × Em ,
where the hat indicates that Ej+1 is omitted, so that the cross product is (m−1)-
fold for every j. Since N is never in the span of E2, . . . , Em, it follows that
(X1(N), . . . , Xm−1(N)) is linearly independent, i.e., span(Xj(N))m−1j=1 = DtN
⊥.
By computing the coordinates of the cross product in (12) with respect to the
frame (E1, . . . , Em), the desired expression is easily obtained.
Appendix B. Alternative construction for n = 1
In the case where n = 1, let N be a continuous section of D⊥ such that N ·N =
1. This section is automatically smooth; it is unique up to a sign. Assuming
existence, the solution of the Cauchy problem for developable hypersurfaces is
given by the distribution DtN
⊥∩N⊥. If we identify, through parallel translation
in Rm+1, the vector field N with a curve in the unit sphere Sm, we have:
DtN
⊥ ∩N⊥|t ≡ N˙(t)⊥ ∩ TN(t)Sm .
Hence, we may alternatively parametrize the solution using any smooth frame for
the normal space of N : I → Sm.
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